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 Abstract: 
At microwave frequencies, the accurate measurement of the network parameters is very 
important. One of these parameters which is most needed to evaluate the performance of a 
microwave device is the complex reflection coefficient. Nowadays, Vector Network Analyzers 
(VNA) are extensively used to measure this parameter. However, despite high accuracy and easy 
usage of the VNA, because of its heterodyne phase detection method, it is very complicated and 
expensive. In addition, VNA needs high order frequency stability in its microwave source, which 
applies an upper limit on its working bandwidth. 
The Six-Port technique is a well known technique in the microwave introduced in 1972 by 
Hoer and Engen. Unlike VNA which uses frequency down conversion to acquire the phase 
information of the DUT’s (Device under Test) reflection coefficient, the Six-Port technique 
directly extracts both magnitude and phase of the reflection coefficient with only four scalar 
power measurements. To implement the Six-Port technique, a network which has six ports to 
connect to the outside world is needed. These six ports are terminated to the source, DUT and 
four power detectors respectively. To achieve the optimum performance of the Six-Port 
technique, we need to design the six-port network in a way that minimizes the effects of 
imperfections of the components and environmental parameters on the calculated reflection 
coefficient of the DUT. To compose the required six-port network, a symmetrical six-port 
waveguide junction along with a directional coupler can be used. It has been shown that the 
optimum performance can be achieved when the ports of six-port symmetrical junction and 
directional coupler are matched and also the odd ports of the six-port symmetrical junction are 
isolated from each other. 
 First, we describe the development of a computer model that is able to predict the 
scattering coefficients of the symmetrical N-port (E-plane coupled) step waveguide junction 
loaded with metallic post and dielectric sleeve in its central cavity. Then, we will perform some 
numerical experiments on our model to verify the accuracy, stability and convergence of our 
model in different situations. After developing the computer model, we use this model to search 
for a new six-port junction design (based on a combination of metallic post, dielectric sleeve and 
diaphragms) which is able to partially satisfy the requirements for the optimum performance. 
Then, we use this primary design to perform some additional tunings to achieve the possible 
optimum design for the six-port waveguide junction. 
To use the designed waveguide junction as a reflectometer, a calibration procedure to 
eliminate the imperfections which exist in the six-port network has been developed. This 
calibration procedure, against previous suggested methods based on iterative approaches, is 
based on an optimization approach. The Nelder-Mead method has been used to find out the 
calibration vector. Finally, to verify the whole process, the reflection coefficient of different 
DUTs has been measured with the designed six-port reflectometer. Moreover, different 
configurations for composing the six-port network have been tested to address the flexibility and 
advantages of the symmetrical six-port junction. It has been confirmed that the measurements 
taken by our prototype instruments for the complex reflection coefficients of different DUTs 
(such as matched load, 3-dB attenuator, H-plane and E-plane magic tee) are in agreement (+/- 
0.02 in magnitude and +/-2 degree in phase) with the results obtained by an available vector 
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1-1 General Background 
At microwave frequencies, the accurate measurement of network parameters is very 
important. One of the basic parameters which needs to be monitored is the complex reflection 
coefficient of any microwave device under test (DUT). In the past, this parameter used to be 
measured with instruments such as the slotted-section, impedance bridge and four-port 
reflectometer. However, the measurement processes associated with these instruments are labor-
intensive and time-consuming. Moreover, a common weakness for all these instruments is that 
their satisfactory operation depends on the assumption of minimal hardware imperfections. 
Nowadays, an alternative for this earlier generation of instruments is a Vector Network Analyzer 
(VNA). Despite its high accuracy and ease of usage, a VNA is very complicated and expensive 
because it is essentially based on the heterodyne phase-detection method. In addition, a VNA 
needs high-order frequency stability for the microwave source which imposes an upper limit on 
its operating bandwidth. 
A radical alternative is the six-port technique introduced in 1972 by Hoer and Engen [1,2]. 
Unlike a VNA which is heavily reliant on frequency down-conversion for the measurement of 
phase, the six-port technique determines the DUT’s complex reflection coefficient via the 
measurement of only power (i.e. magnitude) at the operating frequency. Another significant 
advantage is that the six-port technique capitalizes on the supporting software processes to 
account for any errors related to imperfections in the constituent hardware. 
Although in principle the six-port technique allows for any six-port network (with six ports 
for connection to the external world), there are certain exceptions that must be avoided; for 
example, a four-port directional coupler in conjunction with a separate piece of waveguide 
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cannot be considered a suitable network for the six-port technique. In general, the ports of the 
six-port system are connected to a microwave source (to provide power for the system), the DUT 
(with unknown reflection coefficient to be measured) and four power detectors. If one power 
reading is taken to be the reference, the four power readings measured by these detectors will 
thus provide three power ratios. A geometrical interpretation helps to explain the underlying 
principle of the six-port technique: in essence, each power ratio may be viewed as corresponding 
to the radius of a circle in the Argand plane representing the complex reflection coefficient of the 
DUT. In the ideal case, the three circles associated with the three power ratios ought to intersect 
at a single point. In practice, however, measurement errors cause this unique intersection point to 
become enlarged to a common intersection region; under such circumstances, the radical center 
of the three circles may serve as the approximate intersection point. These circles and their 
centers have been referred to in the literature as q-circles and q-points respectively. 
To achieve optimum performance, we need to design the six-port network in a way that 
minimizes the effects of hardware imperfections (such as instrument uncertainties) and 
environmental effects (such as ambient temperature) on the measured reflection coefficient of the 
DUT; for example, a power detector is usually presumed to be a matched device whose output 
voltage is not a function of temperature but then this is not quite valid in practice. It has been 
shown in [3,4] that the optimum performance of the six-port technique can be achieved when the 
q-points are sited at the vertices of an equilateral triangle whose median coincides with the origin 
of the Argand plane representing the DUT’s reflection coefficient. 
As mentioned before, the six-port technique has already been implemented in many 
applications [5-14] where different designs of the six-port reflectometer instruments have been 
proposed. Except for certain six-port networks which have been specially designed for their 
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respective applications [7-12], the others do not satisfy the design specifications stipulated for 
optimum performance. Of the various designs which have proven to be more suitable, the family 
of symmetrical N-port junctions (where N = 5 or 6) implemented in waveguide form is of 
particular interest to us.  
Previous studies on the six-port network comprising a symmetrical five-port junction and a 
directional coupler have already shown that its q-points should ideally have equal amplitudes as 
well as      angular separation. In practice, however, any residual mismatches that may be 
present in the symmetrical five-port junction, power meters and non-ideal directional couplers 
will give rise to unwanted errors. Cullen and Yeo [10,11] have studied the effects of hardware 
imperfections on this six-port reflectometer family and their system model demonstrates that it is 
possible to predict the effects of these imperfections on the performance of the overall 
reflectometer system. 
To reduce the effects of the imperfections due to the symmetrical five-port junction, the 
only design requirement is that the return losses at all five ports must be minimized. Riblet [9] 
proposed a symmetrical five-port waveguide junction consisting of an empty cavity with five 
waveguide arms where he found it necessary to include inductive diaphragms for the purpose of 
matching. Improved designs were subsequently proposed by Cullen and Yeo who introduced 
other features such as metallic post [11,15] and oversized junction [17]. 
Judah et al. [18] subsequently proposed a new six-port network, the key component of 
which was a symmetrical six-port junction implemented in microstrip form. The first 
symmetrical six-port junction implemented in waveguide form was reported by Yeo et al. 
[12,19] who developed an electromagnetic model for an E-plane coupled symmetrical six-port 
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junction with a metallic post at the center of the junction. Later, this model was extended by Yeo 
and Qiao [20,21] to include a dielectric sleeve (concentrically surrounding the metallic post) and 
a junction step (to increase the cavity height). More recently, the equivalent-admittance approach 
[23] has been successfully employed to reduce the residual mismatch of the symmetrical six-port 
waveguide junction. 
Although matching is important for the symmetrical six-port junction (as for the 
symmetrical five-port junction), there are other parameters (such as isolation between any pair of 
non-adjacent ports) which must be additionally considered during the design process so as to 
meet the specifications for optimum reflectometer performance. To the best of our knowledge, 
this isolation requirement has hitherto not been addressed by researchers when designing a 
symmetrical six-port waveguide junction. 
1-2 Project Objectives 
In this project, we concentrate on the design of a matched symmetrical six-port waveguide 
junction. Another major design consideration of special interest to us is to improve the isolation 
between any pair of non-adjacent ports so as to enhance the overall performance of the six-port 
reflectometer system.   
First, we develop in Chapter 2 an electromagnetic model that is able to predict the 
scattering coefficients of the symmetrical N-port (E-plane coupled) step waveguide junction 
loaded with metallic post and dielectric sleeve in its central cavity. This will be followed by a 
series of computational experiments in Chapter 3 to validate the numerical accuracies, 
convergence and robustness of our resulting computer model when configured for different 
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operating situations. Although our focus is on the N = 6 design, we will also include the N = 5 
case during our validation tests in Chapter 3. 
The availability of this computer model will then facilitate our search in Chapter 4 for a 
new six-port junction design (based on a combination of metallic post, dielectric sleeve and 
inductive diaphragms). For our design to be suitable for six-port reflectometer application, we 
have specified 20 dB targets for the junction’s return loss (                        
      ) as well as isolation between non-adjacent ports (                      ). After 
completing our search process for a design that meets the performance specifications over the 
widest possible frequency range, we will additionally resort to fine-tuning measures to address 
any anomalies found in the characteristics of the symmetrical six-port waveguide junction. 
Before employing in Chapter 6 the resulting prototype as the core component of a six-port 
reflectometer, we will need to develop in Chapter 5 a calibration procedure that not only 
determines the system parameters of the instrument but also accounts for any imperfections 
existing in the six-port network. Unlike the other calibration techniques which require iterative 
computations, our proposed procedure employs an optimization approach based on the Nelder-
Mead technique to find the calibration vector. The resulting algorithm is simple and fast, and its 
only drawback is its sensitivity to the starting point. For the task at hand, we have found that the 
calibration vector must be in the neighborhood of the unity vector and our proposed procedure is 
therefore eminently suitable. 
In Chapter 6, we will use the waveguide junctions (designed in Chapter 4) and calibration 
procedure (explained in Chapter 5) to develop the six-port reflectometer (in three different 
configurations) which will then be tested by measuring a selection of DUTs in the laboratory. 
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For comparison purposes, the same selection of DUTs will also be measured by the vector 
network analyzer (HP8510C) available in our laboratory. For relative evaluation of the three 
reflectometer configurations, we will additionally resort to Monte Carlo simulations which allow 
us to subject our proposed instruments to a comprehensive range of DUTs during the 
computational tests.  
1-3 Concept of Six-Port Reflectometer 
Figure 1-1 shows the schematic set-up for a six-port reflectometer where two of the six 
ports are reserved for the source and DUT while the remaining four ports are connected to power 
detectors. From the scalar measurements taken by these power detectors, the DUT’s complex 
reflection coefficient (    ) can be calculated. If one of the power readings is chosen as the 
reference, the measurements taken by the other power detectors will then be divided by this 
reference reading to yield three power ratios. There are different ways of determining     from 
these power-ratio readings. The one proposed by Engen [3] is the most well-known because its 
geometrical approach can be readily understood.  
The essence of Engen’s interpretation is to associate each power ratio with a circle in the 
Argand plane representing the complex     parameter. In the ideal case (when there are no 
measurement uncertainties and hardware imperfections), the common intersection of these three 
circles will unambiguously yield the unknown     value as illustrated in Figure 1-2. In the 
presence of measurement noise and other system uncertainties, however, the unique point of 
intersection will enlarge to a common region of intersection; under such circumstances, the 
radical center of these three circles can be taken to be the approximate intersection point as 
illustrated in Figure 1-3. 
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General Six-Port Network
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Figure 1-1 General six port reflectometer 
 
 










(b) for non-ideal case
Γ1 complex plane
 
Figure 1-2 General q-points interpretation of six-port technique 
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Expressions have to be derived for the radii and centers of these three circles. Presuming 
that the six-port system is a linear time-invariant network and that each port supports only the 
dominant propagating mode, we can employ scattering analysis to represent the six-port 
reflectometer as a 6 x 6 scattering matrix with the input and output waves at port k represented 





   
       
   





   (1-1)  
For any port which has been terminated in a power detector (with reflection coefficient   ), we 
have: 
                     (1-2)  
Then, by substituting (1-2) into (1-1), it can be shown that the output waves of the ports 
terminated in power detectors may be rewritten as the linear combination of    and   , 
                          (1-3)  
where    and    are related to the S-parameters of the six-port network as well as the reflection 
coefficients of the power detectors. The values of these complex parameters can be determined 
during the calibration process (which we will consider in Chapter 5). In addition, we have to take 
into account the load-termination condition (       ) at port 2 (to which the DUT has been 
connected) by rearranging (1-3) in the following manner: 
  
  
                      (1-4)  
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For the denominator in the left-hand side of (1-4), it is more expedient to replace the unknown    
by the reference    so as to allow us to derive the following set of bilinear equations for 
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In this manner, we finally obtain the following set of equations 
    
  
  
   
       
       
 
 
           (1-7)  
which can be recast as circle equations (based on Engen’s geometrical interpretation) via the 
following procedural steps: 
(a) expand the right-hand side of (1-7) 
     
       
       
  
  
   
    
 
  
   
    
             (1-8)  
(b) consider the counterpart equation associated with circles 
          
    
     
            (1-9)  
(c) compare (1-8) and (1-9) to extract the expressions for circle parameters 
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 (1-10)  
   
      
         
         
         
       
         
      
                
  (1-11)  
Instead of leaving (1-9) in its quadratic form, it will be more convenient to employ the familiar 
complex-circle equation represented by: 
                     (1-12)  
In the ideal case, the intersection point of the three circles contained in (1-12) will 
unambiguously yield the unknown     In general, the three circles may not be expected to 
intersect at a common point (due, for example, to the presence of noise) and we ought to 
consider the radical center instead as shown in Figure 1-3. Basically, the radical center is the 
intersection point of the radial axes of each pair of circles. In general (where the radical center is 
commonly within the three circles), the radial axis of two circles is their common chord. It 
should be pointed out that in the ideal case (where the three circles have a common intersection 
point), the radical center will also coincide with the intersection point of the circles. 







Figure 1-3 Radical center of three circles 
  
 
To calculate the radical center as the solution for   , we need to compute the following 
intermediate parameters: 
               (1-13)  
               (1-14)  
              (1-15)  
               (1-16)  
    
    
      
      
  (1-17)  
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  (1-18)  
which we thereafter substitute into the following formula: 
   
   
 
   
    
   
   
 
   
 





Chapter 2:   













Chapter Two: Theoretical Analysis Method 16 
 
2-1 Outline 
In Chapter 2, an electromagnetic model for a symmetrical N-port waveguide step junction 
will be developed. This junction consists of N rectangular waveguide arms which are (E-plane) 
coupled to a central cavity. Also, this cavity has a central metallic post which is surrounded by a 
dielectric sleeve. The eigenmode-based model employs the Least Squares Boundary Residuals 
Method (LSBRM) to match the tangential fields at the boundaries between the rectangular 
waveguides and the central cavity. Although in general the resultant computer model is able to 
predict the scattering coefficients of the junction with N ≥ 3, our focus in Chapter 4 is on the 
design of a symmetrical six-port waveguide junction as the key-component of a six-port 
reflectometer. 
2-2 Eigenmode Formulation 
As shown in the top and side views of Figure 2-1(a) and (b) respectively, the structure used 
for the symmetrical six-port waveguide junction comprises a central cylindrical cavity (of radius 
   and height  ) with a concentric metallic post (of radius   ) which is surrounded by a dielectric 
sleeve (of inner radius    and outer radius   ). Affixed to this cavity at      angular intervals 
are N standard waveguides (of dimensions a and b where    ). The model provides for the 
possibility of a ≥ h; i.e. the longer dimension of the standard waveguides may be larger than the 
height of the central cavity. 






(a) Side view of the junction (b) Top view of the junction
 
Figure 2-1 Symmetrical N-port E-plane waveguide step junction loaded with concentric metallic 
post and dielectric sleeve  
 
As mentioned before, this junction is a symmetric junction; hence we can partition this 
structure into N similar segments (each subtending an angle of     ). Thus, by employing 
eigenmode analysis, we can analyze just one of these segments and then compute the scattering 
coefficients of the entire junction by appropriately combining the eigenvalue results obtained for 
all possible eigenmodes. Figure 2-2 shows, for example, the excitation required for each 
eigenmode of the N = 6 junction. Based on the order of each eigenmode    , the phase 
difference between two adjacent ports is 
   
 
            . It should be pointed out that 
the number of independent eigenmodes for the N-port junction is smaller than   because of the 
presence of degenerate modes; in fact, there are only 
     
 
 or 
     
 
 independent eigenmodes 
when   is for odd or even respectively.  





































































































Figure 2-2 Excitation of different eigenmodes 
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From the above assumptions, it can be concluded that there must be a phase difference of 
 
   
 
 between the electromagnetic field patterns in any pair of adjacent segments of the junction. 
This phase relationship may be expressed in the following manner: 
 
   
    
  
 
     
          
   
 
  
    
    
  
 
      
          
   
 





 (2-1)  
 
Figure 2-3        segment of symmetrical N-port (E-plane) waveguide step junction loaded with 
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(b) cross-sectional view of U-U
S
S’
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Thus, by analyzing just one segment and calculating the eigenvalues of its different 
eigenmodes, the scattering coefficients of the overall junction can be obtained; since the 
eigenvalues of degenerate modes are the same, the computations need to focus only on the 
independent eigenmodes. As shown in Figure 2-3, the representative segment is divided into two 
main regions — region R and Region C which denote, respectively, the rectangular waveguide 
arm and the      segment of the cylindrical loaded cavity. In region R, as mentioned before, we 
have assumed that the rectangular waveguide propagates only the dominant TE10 mode (with all 
the higher-order modes presumed to be evanescent). As depicted in Figure 2-3, we have assigned 
   and    to be the modal coefficients of the incident and reflected dominant TE10 mode, 
respectively. The higher-order modes              that exist in this region resulted from the 
back-scattering of the dominant mode from surface S. Without any loss of generality,    may be 
normalized to unity. Similarly, in region C, we have assigned                to be the modal 
coefficients of the cylindrical modes which have been excited inside the cavity. Ideally, P and Q 
(which denote the number of modes in regions R and C respectively) ought to be infinitely large 
so as to include all possible modes in our computations; however, because of limitations of 
storage and computing resources, the numbers of modes that can be accommodated in the 
computations will have to be finite. Nevertheless, P and Q should be chosen to be sufficiently 
large as to provide the requisite accuracies in the numerical results generated by the model 
within a specified range. 
The eigenvalue    is effectively the reflection coefficient of the dominant mode (TE10) for 
the representative      segment when operating in eigenmode of order k: 





                   (2-2)  
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Since we do not have to compute the eigenvalues of the degenerate eigenmodes, we just need to 
calculate         eigenvalues when   is odd and          eigenvalues when   is even. 
Hence, we can reduce the amount of computational resources (memory storage and computing 
time) required to calculate the eigenvalues. Once all these eigenvalues have been generated, we 
can then calculate the scattering coefficients of the overall junction via the following: 







         
       
   
     
        
 




               
   
   
     
        
 




where   is the Kronecker delta. As we will focus on five- and six-port symmetrical junctions 
when performing validation tests in Chapter 3, the scattering matrices for these two junctions are 
of particular interest:  
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 (2-5)  
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2-3 Least-Squares Boundary Residual Method (LSBRM) 
To solve any electromagnetic problem, one of the most important steps is to identify the 
boundary conditions. In our problem, we have two different types of coordinate systems (viz. 
cylindrical and rectangular coordinate systems in region C and R respectively). To match the 
tangential fields of their modes, we need first to define the common interface between these two 
regions.  
 
Figure 2-4 Possible common interfaces between two regions (R and C) 
As shown in Figure 2-4, either S2 or S4 can be chosen as the common interface for 
applying the boundary conditions. So, we will have two different options. If S2 was chosen as the 
common interface, the expressions for the fields within region R must be converted from the 
rectangular coordinate system to the cylindrical coordinate system. Conversely, if S4 was chosen 
as the common interface, the expressions for the fields within region C must be converted from 
cylindrical coordinate system to the rectangular coordinate system. Although these two options 
are feasible, we have chosen S2 as the common interface. The reason for this selection is that the 
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these expressions to rectangular coordinate format will give rise to numerical problems. The 
derivation of the field expressions in regions R and C will be discussed in Sections 2-5 and 2-6 
respectively. 
The tangential components of the electric and magnetic fields associated with the R-modes 
and C-modes in regions R and C respectively should be matched across the common interface 
(S). For the C-modes, another requirement is that their tangential electric field components 
should be zero over the cavity’s metallic wall (S’) which forms the remainder of the discontinuity 
surface as shown in Figure 2-3: 
     
        
 
   
       
 
   
             (2-6)  
      
         
 
   
        
 
   
             (2-7)  
      
   
   
              (2-8)  
Equations (2-6)-(2-8) form the basic matching conditions that need to be satisfied. To 
evaluate the modal coefficients     and     we choose the LSBRM to match the fields across the 
boundary (S and S
’
). The main reason for choosing this method is that the LSBRM is known to 
be rigorously convergent and free from the phenomenon of relative convergence. Other methods 
such as Point Matching Method and Mode Matching Method are known to suffer from relative 
convergence problems. 
Equations (2-6)-(2-8) indicate that the boundary residuals ought to be defined as follows: 
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   (2-9)  
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   (2-11)  
where    and    are the electric residuals and    is the magnetic residual. If the   and   
summations are over their respective complete mode sets, then            . However, for 
finite truncated summations             and            , these residuals are positive 
definite functions. We then have to minimize the total boundary residual   in the least squares 
sense: 
         
           (2-12)  
where    is the free-space wave impedance and          are weighting coefficients that we can 
vary to emphasize the contribution of each residual to the total  . Unless explicitly mentioned 
otherwise, the default values for these weighting coefficients are equal to each other. 
After expansion of (2-9)-(2-11), it can be concluded that the total residual   can be 
rewritten as a positive-definite Hermitian form: 
      
    
   
   
   
   
     
  
 
   (2-13)  
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where   is a positive-definite Hermitian matrix of dimensions                 since 
   
      and the residual   is larger than zero in practical computations. The mode coefficients 
are contained in the column vector   given by: 
                      (2-14)  
The minimization of   in (2-13) can be accomplished in the usual manner by setting to 
zero the partial derivative of   with respect to the unknown coefficient    (except for    which is 
taken to be unity). The Hermitian property of   allows us to differentiate with respect to   
  
instead. Thus, we finally obtain a matrix equation: 
      (2-15)  
where the vector   consists of the       unknown    and    mode coefficients: 
                    (2-16)  
and the matrix   of dimensions             and the column vector   of dimensions 
        are the sub-matrices of the matrix : 
   




  (2-17)  
The solution of the matrix equation (2-15) gives in   the approximate values for all the 
    and    mode coefficients. To obtain the entries of   and  , we need to calculate the self- and 
inter-coupling integrals amongst the different modal fields in regions R and C. 
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2-4 Junction Modes 
For our proposed electromagnetic model, we have incorporated two modifications which 
make it different from the previous models [11,17].  
(a) For our design in Chapter 4, we plan to insert a dielectric sleeve which is concentric with 
the metallic post. This addition will impose restrictions on the fields to be considered for 
region C. Without this dielectric sleeve, it is possible to decompose the cylindrical modal 
fields into TE and TM modes inside the central cavity; with the presence of the dielectric 
sleeve, however, we need to consider hybrid modes (viz. HE and EH modes) so as to 
satisfy the boundary conditions.  
(b) We cater for the possibility that the height of the cylindrical cavity may be larger than   
(which is the longer dimension of the standard waveguide). In contrast to the previous 
models where the discontinuity was just along the y-axis, we now have to account for the 
additional discontinuity along the x-axis; instead of the HE1n and EH1n modes in region C 
and TE1n and TM1n modes in region R when h = a, we thus have to include the HEmn and 
EHmn modes in region C and TEmn and TMmn modes in region R when h > a. 
2-5 Rectangular Modal Fields (Region R) 
The field expressions for rectangular TE and TM waveguide modes are well-known and 
these standard equations are readily available in any textbooks on electromagnetic theory. In our 
matching procedure, we need to focus on the modal field components that are tangential to the 
cylindrical surfaces S and S
’
. It is obviously convenient for us to replace the rectangular 
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coordinate system         by the cylindrical system         as depicted in Figure 2-3. 
Accordingly, the R-modes can be expressed as follows: 
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where    
    for TEmn modes and    
    for TMmn modes, and 
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 (2-23)  
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In addition, we note that     is an imaginary parameter for the incident and reflected TE10 
modes which are the only modes propagating in the rectangular waveguides: 
   
           
   





                       
   
          
   





                        
 (2-25)  
where          . 
2-6 Circular Modal Fields (Region C) 
Region C resembles a radial waveguide in which waves propagate radially towards or 
away from the centre. However, in our eigenmode analysis, standing waves are set up in the 
radial direction and so it is more appropriate to adopt Bessel functions of the first and second 
kinds to describe the r-dependence of the circular modal modes. In this region, we are not able to 
consider TE and TM modes and instead we will employ hybrid modes (with   
  and   
  together 
for each mode). Thus, we consider a general form for   
  and   
  and the other components can 
then be derived in accordance with the boundary conditions and Maxwell’s equations. The 
boundary conditions which should be satisfied are as follows: 
 The azimuthal dependence of the modes in region C takes the form         , 
where, as expressed in (2-1),   must be a function of eigenmode order ( ) so as to 
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satisfy the continuity conditions at the interface between any pair of adjoining 
     segments. We thus have to choose         where            . To 






    
   
 
     
   
 
 
            
  (2-26)  
 There must be continuity of tangential field components over the cylindrical 
surface        between the dielectric sleeve and air. 
 The tangential electric field components must be zero over the cylindrical surface 
       of the metallic post as well as over the top and bottom parallel plates 
         forming the radial waveguide. However, for the cylindrical surface S’ 
we do not consider this condition since it has already been incorporated into (2-8) 
and (2-11). 
The general format which we consider for the r-dependence of   
  and   
  —   
     and 
  
     respectively — should be a combination of Bessel functions of the first and second kinds. 
In our structure,     has been excluded and we should thus include Bessel functions of the 
second kind as well. 
  
                     (2-27)  
  
                     (2-28)  
To reduce the complexity of terms, we have partitioned into two subsets (H-type modes and E-
type modes): 




              (2-29)  
  
                     (2-30)  
E-type: 
  
                     (2-31)  
  
              (2-32)  
Since we will consider the linear combination of these answers, the final r-dependence of 
the fields will be the same as (2-27) and (2-28). The final expressions we derived for the fields in 
region C are reproduced below: 
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where    
    for E-type modes  and    
    for H-type modes, and   





 (2-37)  
        (2-38)  
where           and   is given by equation (2-26). The functions         and         are 
Bessel functions (or modified Bessel functions) of the first kind and second kind respectively: 
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The terms                and       are associated with the boundary conditions 
imposed by the dielectric sleeve and metallic post. Details of their expressions can be found in 
the appendix. 
2-7 Surface Integrals 
It is observed from the integrals of equations (2-9)-(2-11) and the modal field expressions 
of equations (2-18)-(2-21) and (2-33)-(2-36) that there are, basically, six classes of surface 
integrals encountered when we derive the entries for   of equation (2-13). These are integrals 
over the boundary surface of the dot products of the modal tangential fields: 
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For the highly oscillatory integrands, it is not possible to calculate them accurately via 
rudimentary integration methods such as Simpson’s method or Trapezoidal method. The general 
form of these integrals can be expressed in the following manner:  
                    (2-42)  
                    
(2-43)  
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As can be seen in (2-42), these integrands consist of two parts — the envelope function 
     and the carrier function                   . Instead of approximating the entire integrand 
over         , we use a quadratic function to approximate only the envelope function    . 
This technique, which was proposed by Filon [24] in 1928, naturally reduces to Simpson’s 
method when       . According to [25] we have: 
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During our numerical simulations, we observed numerical instabilities for the calculation 
of the integrations when using (2-48)-(2-50) because the argument of the sine and cosine 
functions     is very small. Hence, we resorted to the Taylor series of the sine and cosine 
functions to calculate       . After some simplifications, (2-48)-(2-50) can be rewritten as 
follow: 
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The advantage of using Filon’s method was evident when we conducted a series of 
numerical tests to check the convergence of the required integrations. In these tests, Filon’s 
method is compared with two other methods (viz. Simpson and Trapezoidal). As can be seen in 
Tables 2.1 to 2.8, Filon’s method can converge to the correct value faster than the other methods. 
Therefore, we can achieve more accurate results by this method which requires fewer 
calculations. In the numerical tests for testing our integration subroutines, the integration limits 
have been selected to be 0 and  , where      
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Table 2.1Comparison of different integration methods for        
  
 
          (Exact value : 
0.342781162133197) 
N Trapezoidal Simpson Filon 
50 0.342779185841046 0.342781162149199 0.342781162133263 
100 0.342780668060909 0.342781162134197 0.342781162133201 
500 0.342781142370315 0.342781162133198 0.342781162133197 
1000 0.342781157192476 0.342781162133197 0.342781162133197 
2000 0.342781160898017 0.342781162133197 0.342781162133197 
 
 
Table 2.2 Comparison of different integration methods for        
  
 
           (Exact value : 
0.046171251381299) 
N Trapezoidal Simpson Filon 
50 0.046147964918525 0.046171260875757 0.046171251381272 
100 0.046165430210413 0.046171251974375 0.046171251381297 
500 0.046171018540156 0.046171251382247 0.046171251381299 
1000 0.046171193171058 0.046171251381358 0.046171251381299 
2000 0.046171236828741 0.046171251381302 0.046171251381299 
3000 0.046171244913496 0.046171251381299 0.046171251381299 
4000 0.046171247743159 0.046171251381299 0.046171251381299 
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Table 2.3 Comparison of different integration methods for        
  
 
           (Exact value : 
0.010203453994207) 
N Trapezoidal Simpson Filon 
50 0.010170514573084 0.010203539431731 0.010203453995773 
100 0.010195223129934 0.010203459315551 0.010203453994305 
500 0.010203124810675 0.010203454002712 0.010203453994208 
1000 0.010203371698723 0.010203453994739 0.010203453994207 
2000 0.010203433420361 0.010203453994241 0.010203453994207 
3000 0.010203444850278 0.010203453994214 0.010203453994207 
4000 0.010203448850747 0.010203453994209 0.010203453994207 
5000 0.010203450702393 0.010203453994208 0.010203453994207 
6000 0.010203451708225 0.010203453994208 0.010203453994207 
7000 0.010203452314710 0.010203453994208 0.010203453994207 
8000 0.010203452708343 0.010203453994208 0.010203453994207 
9000 0.010203452978215 0.010203453994208 0.010203453994207 
10000 0.010203453171254 0.010203453994208 0.010203453994207 
11000 0.010203453314081 0.010203453994207 0.010203453994207 
12000 0.010203453422712 0.010203453994207 0.010203453994207 
13000 0.010203453507253 0.010203453994207 0.010203453994207 
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Table 2.4 Comparison of different integration methods for        
  
 
            (Exact value : 
0.008555484418347) 
N Trapezoidal Simpson Filon 
50 0.008447069953849 0.008556598428595 0.008555484419061 
100 0.008528432312400 0.008555553098583 0.008555484418391 
500 0.008554402991080 0.008555484527759 0.008555484418347 
1000 0.008555214066658 0.008555484425185 0.008555484418347 
2000 0.008555416830746 0.008555484418775 0.008555484418347 
3000 0.008555454379440 0.008555484418432 0.008555484418347 
4000 0.008555467521467 0.008555484418374 0.008555484418347 
5000 0.008555473604345 0.008555484418358 0.008555484418347 
6000 0.008555476908624 0.008555484418353 0.008555484418347 
7000 0.008555478901000 0.008555484418350 0.008555484418347 
8000 0.008555480194128 0.008555484418349 0.008555484418347 
9000 0.008555481080693 0.008555484418348 0.008555484418347 
10000 0.008555481714847 0.008555484418348 0.008555484418347 
11000 0.008555482184050 0.008555484418348 0.008555484418347 
12000 0.008555482540917 0.008555484418348 0.008555484418347 
13000 0.008555482818643 0.008555484418348 0.008555484418347 
14000 0.008555483039011 0.008555484418348 0.008555484418347 
15000 0.008555483216792 0.008555484418347 0.008555484418347 
16000 0.008555483362293 0.008555484418347 0.008555484418347 
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Table 2.5 Comparison of different integration methods for        
  
 
            (Exact value :     
-0.000661290595550) 
N Trapezoidal Simpson Filon 
50 -0.000439598958350 -0.000751584972834 -0.000661261577988 
100 -0.000608609899366 -0.000664946879704 -0.000661290620739 
500 -0.000659215333752 -0.000661295822476 -0.000661290595550 
1000 -0.000660772024289 -0.000661290921135 -0.000661290595550 
2000 -0.000661160967984 -0.000661290615882 -0.000661290595550 
3000 -0.000661232984553 -0.000661290599565 -0.000661290595550 
4000 -0.000661258189611 -0.000661290596820 -0.000661290595550 
5000 -0.000661269855822 -0.000661290596070 -0.000661290595550 
6000 -0.000661276192989 -0.000661290595801 -0.000661290595550 
7000 -0.000661280014089 -0.000661290595685 -0.000661290595550 
8000 -0.000661282494125 -0.000661290595629 -0.000661290595550 
9000 -0.000661284194427 -0.000661290595599 -0.000661290595550 
10000 -0.000661285410642 -0.000661290595582 -0.000661290595550 
11000 -0.000661286310504 -0.000661290595572 -0.000661290595550 
12000 -0.000661286994921 -0.000661290595566 -0.000661290595550 
13000 -0.000661287527559 -0.000661290595561 -0.000661290595550 
14000 -0.000661287950191 -0.000661290595558 -0.000661290595550 
15000 -0.000661288291149 -0.000661290595556 -0.000661290595550 
16000 -0.000661288570197 -0.000661290595555 -0.000661290595550 
17000 -0.000661288801466 -0.000661290595554 -0.000661290595550 
18000 -0.000661288995272 -0.000661290595553 -0.000661290595550 
19000 -0.000661289159289 -0.000661290595552 -0.000661290595550 
20000 -0.000661289299325 -0.000661290595552 -0.000661290595550 
21000 -0.000661289419835 -0.000661290595552 -0.000661290595550 
22000 -0.000661289524289 -0.000661290595551 -0.000661290595550 
23000 -0.000661289615417 -0.000661290595551 -0.000661290595550 
24000 -0.000661289695394 -0.000661290595551 -0.000661290595550 
25000 -0.000661289765966 -0.000661290595551 -0.000661290595550 
26000 -0.000661289828553 -0.000661290595551 -0.000661290595550 
27000 -0.000661289884315 -0.000661290595551 -0.000661290595550 
28000 -0.000661289934211 -0.000661290595550 -0.000661290595550 
29000 -0.000661289979034 -0.000661290595550 -0.000661290595550 
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Table 2.6 Comparison of different integration methods for          
  
 
           (Exact value :     
-0.003552245259358) 
N Trapezoidal Simpson Filon 
50 -0.003570386444840 -0.003552112589944 -0.003552220463639 
100 -0.003556774381609 -0.003552237027199 -0.003552243713684 
500 -0.003552426345369 -0.003552245246216 -0.003552245256887 
1000 -0.003552290530245 -0.003552245258536 -0.003552245259203 
2000 -0.003552256577041 -0.003552245259306 -0.003552245259348 
3000 -0.003552250289436 -0.003552245259347 -0.003552245259356 
4000 -0.003552248088776 -0.003552245259354 -0.003552245259357 
5000 -0.003552247070185 -0.003552245259356 -0.003552245259357 
6000 -0.003552246516877 -0.003552245259357 -0.003552245259358 
7000 -0.003552246183249 -0.003552245259357 -0.003552245259358 
8000 -0.003552245966712 -0.003552245259357 -0.003552245259358 
9000 -0.003552245818255 -0.003552245259357 -0.003552245259358 
10000 -0.003552245712064 -0.003552245259357 -0.003552245259358 
11000 -0.003552245633496 -0.003552245259358 -0.003552245259358 
12000 -0.003552245573737 -0.003552245259357 -0.003552245259358 
13000 -0.003552245527232 -0.003552245259358 -0.003552245259358 
14000 -0.003552245490331 -0.003552245259358 -0.003552245259358 
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Table 2.7 Comparison of different integration methods for          
  
 
           (Exact value :     
0.194502726236824) 
N Trapezoidal Simpson Filon 
50 0.194438698641446 0.194503392618467 0.194498314517910 
100 0.194486750143674 0.194502767311083 0.194502449459306 
500 0.194502087585978 0.194502726302254 0.194502725793446 
1000 0.194502566577179 0.194502726240913 0.194502726209112 
2000 0.194502686322105 0.194502726237080 0.194502726235092 
3000 0.194502708496965 0.194502726236875 0.194502726236482 
4000 0.194502716258157 0.194502726236840 0.194502726236716 
5000 0.194502719850479 0.194502726236831 0.194502726236780 
6000 0.194502721801860 0.194502726236828 0.194502726236803 
7000 0.194502722978485 0.194502726236826 0.194502726236813 
8000 0.194502723742158 0.194502726236826 0.194502726236818 
9000 0.194502724265730 0.194502726236825 0.194502726236820 
10000 0.194502724640237 0.194502726236825 0.194502726236822 
11000 0.194502724917331 0.194502726236824 0.194502726236822 
12000 0.194502725128083 0.194502726236824 0.194502726236823 
13000 0.194502725292099 0.194502726236823 0.194502726236822 
14000 0.194502725422239 0.194502726236825 0.194502726236824 
15000 0.194502725527230 0.194502726236823 0.194502726236823 
16000 0.194502725613158 0.194502726236824 0.194502726236823 
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Table 2.8 Comparison of different integration methods for          
  
 
            (Exact value :     
0.004802339658880) 
N Trapezoidal Simpson Filon 
50 0.004716806006650 0.004804244009228 0.004802436747650 
100 0.004781042772749 0.004802455028116 0.004802345276514 
500 0.004801488882040 0.004802339841668 0.004802339667645 
1000 0.004802126973236 0.004802339670301 0.004802339659427 
2000 0.004802286488004 0.004802339659594 0.004802339658914 
3000 0.004802316027424 0.004802339659021 0.004802339658887 
4000 0.004802326366195 0.004802339658925 0.004802339658882 
5000 0.004802331151564 0.004802339658898 0.004802339658881 
6000 0.004802333751023 0.004802339658889 0.004802339658880 
7000 0.004802335318414 0.004802339658885 0.004802339658880 
8000 0.004802336335711 0.004802339658883 0.004802339658880 
9000 0.004802337033166 0.004802339658882 0.004802339658880 
10000 0.004802337532052 0.004802339658881 0.004802339658880 
11000 0.004802337901171 0.004802339658881 0.004802339658880 
12000 0.004802338181916 0.004802339658881 0.004802339658880 
13000 0.004802338400402 0.004802339658880 0.004802339658880 
14000 0.004802338573764 0.004802339658880 0.004802339658880 
15000 0.004802338713623 0.004802339658880 0.004802339658880 
 
To check the reliability of the integration subroutine we developed (based on Filon’s 
method), we have tested this subroutine for the most oscillatory integrands which can occur in 
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Table 2.9 Convergence of         
  
 
       
 
 
           
                                            
n      
       
  
50 0.090792908226788 -4014.5341290329 
100 0.090794091234836 -4017.0572887421 
500 0.090794170303436 -4017.2169656030 
1000 0.090794170422376 -4017.2172021874 
2000 0.090794170429810 -4017.2172169673 
3000 0.090794170430208 -4017.2172177579 
4000 0.090794170430275 -4017.2172178910 
5000 0.090794170430293 -4017.2172179273 
6000 0.090794170430300 -4017.2172179404 
7000 0.090794170430303 -4017.2172179460 
8000 0.090794170430304 -4017.2172179487 
9000 0.090794170430304 -4017.2172179501 
10000 0.090794170430305 -4017.2172179510 
11000 0.090794170430305 -4017.2172179515 
12000 0.090794170430306 -4017.2172179518 
13000 0.090794170430306 -4017.2172179520 
14000 0.090794170430306 -4017.2172179521 
15000 0.090794170430306 -4017.2172179522 
16000 0.090794170430306 -4017.2172179523 
17000 0.090794170430306 -4017.2172179523 
18000 0.090794170430306 -4017.2172179524 
19000 0.090794170430306 -4017.2172179524 
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Table 2.10 Convergence of           
 
 
           
                        
  
 
                  
n      
       
  
50 -0.066951162033611 2659.48001861720 
100 -0.066952695070402 2660.75843920900 
500 -0.066952797244811 2660.85306009533 
1000 -0.066952797398379 2660.85320600118 
2000 -0.066952797407978 2660.85321512772 
3000 -0.066952797408491 2660.85321561607 
4000 -0.066952797408578 2660.85321569824 
5000 -0.066952797408601 2660.85321572070 
6000 -0.066952797408610 2660.85321572877 
7000 -0.066952797408613 2660.85321573222 
8000 -0.066952797408615 2660.85321573391 
9000 -0.066952797408616 2660.85321573480 
10000 -0.066952797408616 2660.85321573531 
11000 -0.066952797408617 2660.85321573562 
12000 -0.066952797408617 2660.85321573581 
13000 -0.066952797408617 2660.85321573594 
14000 -0.066952797408617 2660.85321573603 
15000 -0.066952797408617 2660.85321573609 
16000 -0.066952797408618 2660.85321573613 
17000 -0.066952797408617 2660.85321573617 
18000 -0.066952797408618 2660.85321573619 
19000 -0.066952797408618 2660.85321573621 
20000 -0.066952797408617 2660.85321573622 
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Table 2.11 Convergence of  
       
  
 
       
 
 
                                                                         
n      
       
  
50 0.133536821207190 -1402.76067450633 
100 0.133537817080425 -1398.65415793353 
500 0.133537883672841 -1398.38064015167 
1000 0.133537883773027 -1398.38022905597 
2000 0.133537883779289 -1398.38020336211 
3000 0.133537883779624 -1398.38020198753 
4000 0.133537883779680 -1398.38020175624 
5000 0.133537883779696 -1398.38020169303 
6000 0.133537883779702 -1398.38020167032 
7000 0.133537883779704 -1398.38020166059 
8000 0.133537883779705 -1398.38020165587 
9000 0.133537883779706 -1398.38020165335 
10000 0.133537883779706 -1398.38020165192 
11000 0.133537883779706 -1398.38020165105 
12000 0.133537883779706 -1398.38020165050 
13000 0.133537883779706 -1398.38020165014 
14000 0.133537883779706 -1398.38020164989 
15000 0.133537883779707 -1398.38020164972 
16000 0.133537883779707 -1398.38020164960 
17000 0.133537883779707 -1398.38020164950 
18000 0.133537883779707 -1398.38020164944 
19000 0.133537883779707 -1398.38020164939 
20000 0.133537883779707 -1398.38020164935 
21000 0.133537883779706 -1398.38020164932 
22000 0.133537883779707 -1398.38020164929 
23000 0.133537883779706 -1398.38020164927 
24000 0.133537883779706 -1398.38020164926 
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Table 2.12 Convergence of  
       
  
 
         
 
          
 
                                              
n      
       
  
50 0.038417572850975 181757075.934641 
100 0.038417642059829 183364817.361963 
500 0.038417646324425 183483558.917346 
1000 0.038417646330686 183483742.349591 
2000 0.038417646331078 183483753.824246 
3000 0.038417646331098 183483754.438248 
4000 0.038417646331102 183483754.541570 
5000 0.038417646331103 183483754.569805 
6000 0.038417646331103 183483754.579947 
7000 0.038417646331104 183483754.584295 
8000 0.038417646331104 183483754.586405 
9000 0.038417646331104 183483754.587528 
10000 0.038417646331104 183483754.588169 
11000 0.038417646331104 183483754.588557 
12000 0.038417646331103 183483754.588803 
13000 0.038417646331104 183483754.588965 
14000 0.038417646331104 183483754.589075 
15000 0.038417646331104 183483754.589152 
16000 0.038417646331104 183483754.589207 
17000 0.038417646331104 183483754.589247 
18000 0.038417646331104 183483754.589277 
19000 0.038417646331104 183483754.589299 
20000 0.038417646331103 183483754.589317 
21000 0.038417646331103 183483754.589331 
22000 0.038417646331104 183483754.589341 
23000 0.038417646331104 183483754.589350 
24000 0.038417646331104 183483754.589357 
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2-8 Bessel Functions 
As pointed out in the previous sections, the electric and magnetic field components of the 
hybrid modes within region C require us to pay close attention to the accurate calculation of the 
Bessel functions (of the first and second kinds) and the modified Bessel functions (of the first 
and second kinds) for integer order and real arguments. It should be noted that the order of these 
functions is related to   (Emn, Hmn). As   increases, the order of these functions similarly 
increases. In addition, we infer from the arguments of these functions that there is a need to 
calculate these functions for relatively small arguments. Therefore, we should develop a 
subroutine that is able to calculate these functions with high orders and relatively small 
arguments. To do so, we considered a recursive method suggested in [26]. This method is able to 
generate sufficiently accurate results for calculating all kinds of Bessel functions and modified 
Bessel functions. To show the accuracy of this method, we have reproduced the corresponding 
tables in [25] with our developed subroutine in Tables 2.13 and 2.14. These tabulated results are 
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Table 2.13 Bessel functions of integer order (orders 10, 11, 20 and 21) 
                                   
              
               
                
             
0.0 2.69114446 1.22324748 0.11828049 3.91990 9.33311 0.406017 
0.1 2.69053290 1.22299266 0.11831335 3.91944 9.33205 0.406071 
0.2 2.68869898 1.22222850 0.11841200 3.91804 9.32886 0.406231 
0.3 2.68564500 1.22095587 0.11857661 3.91571 9.32357 0.406499 
0.4 2.68137477 1.21917626 0.11880750 3.91244 9.31615 0.406873 
0.5 2.67589362 1.21689169 0.11910510 3.90825 9.30663 0.407355 
0.6 2.66920838 1.21410481 0.11946998 3.90314 9.29500 0.407945 
0.7 2.66132738 1.21081882 0.11990282 3.89710 9.28128 0.408644 
0.8 2.65226043 1.20703750 0.12040444 3.89015 9.26546 0.409452 
0.9 2.64201878 1.20276518 0.12097581 3.88228 9.24758 0.410369 
1.0 2.63061512 1.19800675 0.12161801 3.87350 9.22762 0.411397 
1.1 2.61806358 1.19276764 0.12233229 3.86383 9.20562 0.412536 
1.2 2.60437963 1.18705384 0.12312002 3.85325 9.18157 0.413788 
1.3 2.58958012 1.18087185 0.12398273 3.84179 9.15550 0.415153 
1.4 2.57368323 1.17422867 0.12492212 3.82945 9.12743 0.416632 
1.5 2.55670842 1.16713182 0.12594004 3.81624 9.09737 0.418228 
1.6 2.53867639 1.15958931 0.12703852 3.80216 9.06534 0.419940 
1.7 2.51960907 1.15160961 0.12821977 3.78723 9.03136 0.421771 
1.8 2.49952955 1.14320168 0.12948616 3.77146 8.99546 0.423722 
1.9 2.47846206 1.13437488 0.13084030 3.75485 8.95765 0.425795 
2.0 2.45643192 1.12513904 0.13228497 3.73742 8.91797 0.427992 
2.1 2.43346545 1.11550438 0.13382319 3.71918 8.87643 0.430314 
2.2 2.40959000 1.10548152 0.13545821 3.70015 8.83306 0.432764 
2.3 2.38483384 1.09508144 0.13719351 3.68032 8.78790 0.435344 
2.4 2.35922612 1.08431551 0.13903284 3.65973 8.74096 0.438056 
2.5 2.33279683 1.07319540 0.14098022 3.63837 8.69228 0.440902 
2.6 2.30557673 1.06173312 0.14303997 3.61627 8.64189 0.443885 
2.7 2.27759731 1.04994098 0.14521672 3.59344 8.58981 0.447007 
2.8 2.24889074 1.03783155 0.14751543 3.56989 8.53609 0.450272 
2.9 2.21948976 1.02541767 0.14994141 3.54564 8.48076 0.453682 
3.0 2.18942770 1.01271242 0.15250037 3.52071 8.42385 0.457241 
3.1 2.15873836 0.99972906 0.15519840 3.49510 8.36539 0.460951 
3.2 2.12745598 0.98648108 0.15804206 3.46885 8.30542 0.464816 
3.3 2.09561517 0.97298213 0.16103836 3.44195 8.24397 0.468840 
3.4 2.06325085 0.95924599 0.16419482 3.41444 8.18110 0.473027 
3.5 2.03039820 0.94528659 0.16751951 3.38633 8.11682 0.477379 
3.6 1.99709260 0.93111794 0.17102110 3.35763 8.05119 0.481902 
3.7 1.96336956 0.91675415 0.17470889 3.32837 7.98423 0.486600 
3.8 1.92926467 0.90220939 0.17859286 3.29855 7.91600 0.491476 
3.9 1.89481352 0.88749785 0.18268376 3.26821 7.84653 0.496537 
4.0 1.86005168 0.87263375 0.18699314 3.23736 7.77586 0.501786 
4.1 1.82501462 0.85763130 0.19153346 3.20601 7.70403 0.507229 
4.2 1.78973765 0.84250469 0.19631812 3.17419 7.63108 0.512872 
4.3 1.75425588 0.82726806 0.20136159 3.14192 7.55707 0.518719 
4.4 1.71860416 0.81193548 0.20667950 3.10921 7.48202 0.524777 
4.5 1.68281701 0.79652093 0.21228873 3.07608 7.40598 0.531051 
4.6 1.64692860 0.78103829 0.21820757 3.04256 7.32900 0.537549 
4.7 1.61097266 0.76550130 0.22445582 3.00866 7.25112 0.544276 
4.8 1.57498249 0.74992357 0.23105498 2.97440 7.17238 0.551240 
4.9 1.53899083 0.73431852 0.23802840 2.93981 7.09282 0.558448 
5.0 1.50302991 0.71869942 0.24540147 2.90490 7.01250 0.565907 
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Table 2.14 Modified Bessel functions of integer order (orders 10, 11, 20 and 21) 
                                 
              
               
               
             
0.0 0.26911445 1.22324748 1.85794560 0.391990 0.933311 6.37771 
0.2 0.26935920 1.22426724 1.85588251 0.392177 0.933735 6.37435 
0.4 0.27009468 1.22733125 1.84970867 0.392738 0.935009 6.36429 
0.6 0.27132457 1.23245366 1.83947021 0.393674 0.937136 6.34757 
0.8 0.27305504 1.23965820 1.82524326 0.394988 0.940122 6.32424 
1.0 0.27529480 1.24897831 1.80713290 0.396684 0.943974 6.29437 
1.2 0.27805517 1.26045740 1.78527169 0.398766 0.948703 6.25807 
1.4 0.28135012 1.27414918 1.75981781 0.401239 0.954321 6.21545 
1.6 0.28519648 1.29011798 1.73095297 0.404112 0.960843 6.16665 
1.8 0.28961396 1.30843932 1.69887992 0.407392 0.968285 6.11184 
2.0 0.29462538 1.32920036 1.66381982 0.411087 0.976669 6.05118 
2.2 0.30025682 1.35250061 1.62600944 0.415209 0.986016 5.98488 
2.4 0.30653784 1.37845262 1.58569822 0.419768 0.996351 5.91314 
2.6 0.31350170 1.40718285 1.54314529 0.424778 1.007703 5.83620 
2.8 0.32118565 1.43883260 1.49861645 0.430253 1.020101 5.75428 
3.0 0.32963121 1.47355907 1.45238126 0.436209 1.033581 5.66764 
3.2 0.33888455 1.51153657 1.40471020 0.442662 1.048178 5.57655 
3.4 0.34899681 1.55295782 1.35587192 0.449632 1.063935 5.48128 
3.6 0.36002459 1.59803551 1.30613075 0.457139 1.080893 5.38210 
3.8 0.37203039 1.64700388 1.25574432 0.465205 1.099102 5.27932 
4.0 0.38508316 1.70012064 1.20496150 0.473853 1.118613 5.17321 
4.2 0.39925889 1.75766896 1.15402052 0.483111 1.139481 5.06408 
4.4 0.41464125 1.81995978 1.10314736 0.493006 1.161768 4.95224 
4.6 0.43132237 1.88733435 1.05255442 0.503569 1.185538 4.83797 
4.8 0.44940362 1.96016700 1.00243944 0.514832 1.210861 4.72159 
5.0 0.46899655 2.0388683 0.95298465 0.526830 1.237813 4.60339 
5.2 0.49022387 2.1238883 0.90435626 0.539601 1.266475 4.48367 
5.4 0.51322061 2.2157208 0.85670405 0.553186 1.296933 4.36272 
5.6 0.53813536 2.3149071 0.81016129 0.567630 1.329282 4.24084 
5.8 0.56513169 2.4220409 0.76484483 0.582979 1.363622 4.11830 
6.0 0.59438965 2.5377736 0.72085532 0.599284 1.400061 3.99537 
6.2 0.62610759 2.6628201 0.67827767 0.616599 1.438715 3.87234 
6.4 0.66050400 2.7979648 0.63718161 0.634984 1.479709 3.74945 
6.6 0.69781972 2.9440693 0.59762235 0.654501 1.523176 3.62695 
6.8 0.73832033 3.1020800 0.55964137 0.675219 1.569259 3.50507 
7.0 0.78229881 3.2730369 0.52326729 0.697210 1.618113 3.38405 
7.2 0.83007854 3.4580834 0.48851672 0.720554 1.669904 3.26411 
7.4 0.88201663 3.6584774 0.45539529 0.745333 1.724808 3.14543 
7.6 0.93850764 3.8756029 0.42389854 0.771639 1.783016 3.02821 
7.8 0.99998773 4.1109838 0.39401295 0.799570 1.844734 2.91264 
8.0 1.06693936 4.3662991 0.36571690 0.829231 1.910180 2.79887 
8.2 1.13989641 4.6433988 0.33898159 0.860735 1.979593 2.68705 
8.4 1.21945007 4.9443235 0.31377202 0.894204 2.053225 2.57733 
8.6 1.30625534 5.2713243 0.29004783 0.929769 2.131351 2.46983 
8.8 1.40103829 5.6268864 0.26776418 0.967571 2.214264 2.36466 
9.0 1.50460429 6.0137548 0.24687251 1.007764 2.302281 2.26193 
9.2 1.61784713 6.4349631 0.22732134 1.050510 2.395741 2.16172 
9.4 1.74175933 6.8938657 0.20905690 1.095988 2.495012 2.06411 
9.6 1.87744369 7.3941736 0.19202382 1.144389 2.600488 1.96916 
9.8 2.02612620 7.9399951 0.17616568 1.195918 2.712593 1.87692 
10.0 2.18917062 8.5358802 0.16142553 1.250800 2.831786 1.78744 
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3-1 Outline 
Before we can reliably apply the computer model developed in Chapter 2 for our design 
task in Chapter 4, we need to perform a series of validation tests so as to check for accuracies 
and robustness. The special features available in the LSBRM also allow us to perform a number 
of additional tests not commonly employed for the other modeling tools.  
Although the focus of our junction design in Chapter 4 is on the N = 6 structure, we have 
also included the more familiar N = 5 case for the computational experiments reported in this 
chapter. We should also add that in general our computer model can predict the scattering 
coefficients of any symmetrical N-port waveguide junction for N ≥ 3.  
3-2 Validation Tests 
The choice of LSBRM in Chapter 2 as a modeling tool has been based on the assertion that 
it is reputed to be mathematically rigorous. Nevertheless, we have proceeded to subject our 
computer model to a comprehensive series of computational tests to check on a number of 
performance parameters. More specifically, the various validation tests have been undertaken in 
order to show: 
1. that the numerical results converge with increasing truncation numbers P and Q 
even when we choose different P/Q ratios 
2. that the value of the residual remaining after the matching process converges to 
zero with increasing P and Q even when we choose different P/Q ratios 
3. that the junction’s eigenvalues converge even when we choose different weighting 
coefficients for the boundary residuals 
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4. that the fields in region R and region C are matched across the surface S, and that 
the electric fields in region C tangential to the metallic wall S
’
 are negligible 
5. that the predicted scattering coefficients are in agreement with those obtained from 
the other methods 
6. That our computer model still yields the correct results for the junction’s scattering 
coefficients even when we choose critical values for certain dimensions. 
All the tests we carried out in this chapter are at 10 GHz and the rectangular waveguide arms are 
of the standard WR90 dimensions with a = 22.86mm and b = 10.16mm. If required, there is the 
possibility of extending the computer model to consider other operating parameters and 
waveguide structures (e.g. for N = 4 or N = 7). 
3-3 Convergence Results 
The eigenvalues             are complex parameters and we have to test the numerical 
convergence of both their magnitudes and phases. Since the metallic post and dielectric sleeve 
have been presumed to be lossless, the reflected wave for each eigenmode ought to have the 
same magnitude as its corresponding incident wave and we thus expect      to be equal to unity. 
We have previously pointed out that two pairs of eigenvalues are degenerate because of 
symmetry; in other words, there are only three distinct eigenvalues for the symmetrical five-port 
junction (since       and      ) and there are only four distinct eigenvalues for the 
symmetrical six-port junction (since       and      ). In addition, we have to test the 
convergence of residuals for all eigenmodes. For ease of interpretation, we have normalized the 
value of   at       to unity for each eigenmode. Tables 3.1-3.4 present the data generated 
Chapter Three: Verification of Electromagnetic Model 52 
 
by our computer model for the eigenvalues and boundary residuals of the N = 5 and N = 6 
junctions. 
Table 3.1 Convergence of eigenvalues for five-port waveguide step junction  
 




Eigenvalues      
                    
35 0.8663 -26.05 0.8343 48.32 0.9542 -132.49 0.9542 -132.49 0.8345 48.33 
50 0.8744 -25.88 0.8433 48.09 0.9599 -132.13 0.9599 -132.14 0.8420 48.15 
70 0.8894 -25.76 0.8556 47.51 0.9691 -131.41 0.9692 -131.41 0.8551 47.52 
100 0.9433 -22.76 0.9431 47.94 0.9736 -130.79 0.9736 -130.79 0.9431 47.94 
140 0.9517 -22.64 0.9504 47.70 0.9783 -130.37 0.9783 -130.37 0.9504 47.70 
185 0.9710 -21.22 0.9759 48.17 0.9837 -129.68 0.9837 -129.68 0.9758 48.17 
235 0.9722 -21.16 0.9767 48.19 0.9848 -129.59 0.9848 -129.59 0.9767 48.19 
300 0.9777 -20.52 0.9839 48.48 0.9869 -129.28 0.9869 -129.28 0.9839 48.48 
370 0.9792 -20.30 0.9852 48.61 0.9876 -129.18 0.9876 -129.18 0.9852 48.61 
445 0.9801 -20.17 0.9859 48.66 0.9881 -129.11 0.9881 -129.11 0.9859 48.66 
530 0.9811 -20.07 0.9871 48.67 0.9888 -129.03 0.9888 -129.03 0.9871 48.67 
620 0.9837 -19.85 0.9890 48.71 0.9904 -128.80 0.9904 -128.80 0.9890 48.71 
720 0.9863 -19.64 0.9905 48.77 0.9921 -128.60 0.9921 -128.60 0.9905 48.77 
835 0.9888 -19.49 0.9917 48.79 0.9937 -128.47 0.9937 -128.47 0.9917 48.79 
950 0.9893 -19.47 0.9922 48.80 0.9939 -128.45 0.9939 -128.45 0.9922 48.80 
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Table 3.2 Convergence of eigenvalues for six-port waveguide step junction  
P=Q 
Eigenvalues      
                        
35 0.8757 -14.87 0.8847 68.60 0.9490 -131.31 0.9266 -100.86 0.9490 -131.31 0.8849 68.60 
50 0.8812 -14.80 0.8892 68.45 0.9559 -130.92 0.9333 -100.35 0.9559 -130.91 0.8898 68.40 
70 0.9382 -11.91 0.9513 68.23 0.9638 -130.21 0.9497 -98.89 0.9657 -129.97 0.9057 68.04 
100 0.9493 -11.95 0.9642 67.82 0.9702 -129.63 0.9590 -97.93 0.9702 -129.63 0.9642 67.82 
140 0.9689 -10.65 0.9813 68.02 0.9766 -128.87 0.9701 -96.74 0.9766 -128.87 0.9813 68.02 
185 0.9744 -10.56 0.9857 67.90 0.9817 -128.42 0.9762 -96.23 0.9817 -128.42 0.9857 67.90 
235 0.9790 -10.00 0.9904 68.11 0.9841 -128.16 0.9786 -95.87 0.9840 -128.16 0.9904 68.11 
300 0.9810 -9.79 0.9916 68.18 0.9854 -127.99 0.9805 -95.60 0.9854 -127.99 0.9916 68.18 
370 0.9820 -9.65 0.9921 68.21 0.9860 -127.90 0.9813 -95.49 0.9860 -127.90 0.9921 68.21 
445 0.9829 -9.51 0.9928 68.24 0.9868 -127.78 0.9821 -95.34 0.9868 -127.78 0.9928 68.24 
530 0.9845 -9.34 0.9936 68.27 0.9882 -127.61 0.9838 -95.14 0.9882 -127.61 0.9936 68.27 
620 0.9890 -9.01 0.9949 68.30 0.9915 -127.25 0.9884 -94.70 0.9915 -127.25 0.9949 68.30 
720 0.9903 -8.94 0.9955 68.31 0.9928 -127.12 0.9901 -94.54 0.9928 -127.12 0.9955 68.31 
835 0.9907 -8.93 0.9958 68.31 0.9931 -127.09 0.9904 -94.53 0.9931 -127.09 0.9958 68.31 
950 0.9920 -8.81 0.9962 68.38 0.9937 -126.97 0.9911 -94.36 0.9936 -126.97 0.9962 68.37 
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Table 3.3 Convergence of boundary residual for five-port waveguide step junction  
P=Q 
Boundary Residuals      
                    
35 0.0944 0.0970 0.0395 0.0402 0.1020 
50 0.0885 0.0915 0.0344 0.0349 0.0972 
70 0.0776 0.0838 0.0262 0.0265 0.0886 
100 0.0386 0.0326 0.0215 0.0219 0.0344 
140 0.0328 0.0284 0.0176 0.0179 0.0299 
185 0.0193 0.0137 0.0129 0.0132 0.0145 
235 0.0185 0.0132 0.012 0.0122 0.0139 
300 0.0146 0.0091 0.0103 0.0105 0.0096 
370 0.0136 0.0084 0.0097 0.0098 0.0088 
445 0.0129 0.0079 0.0092 0.0094 0.0084 
530 0.0122 0.0073 0.0087 0.0088 0.0076 
620 0.0105 0.0062 0.0074 0.0075 0.0065 
720 0.0088 0.0054 0.0061 0.0062 0.0056 
835 0.0072 0.0046 0.0049 0.0049 0.0049 
950 0.0069 0.0044 0.0047 0.0047 0.0046 
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Table 3.4 Convergence of boundary residual for six-port waveguide step junction  
P=Q 
Boundary Residuals      
                        
35 0.0919 0.0829 0.0435 0.0616 0.0439 0.0861 
50 0.0875 0.0794 0.0374 0.0557 0.0377 0.0822 
70 0.0444 0.0346 0.0297 0.0408 0.0287 0.0698 
100 0.0363 0.0253 0.0240 0.0326 0.0242 0.0263 
140 0.0219 0.0131 0.0185 0.0231 0.0186 0.0136 
185 0.0179 0.0100 0.0143 0.0183 0.0144 0.0104 
235 0.0146 0.0067 0.0124 0.0162 0.0125 0.0070 
300 0.0131 0.0059 0.0113 0.0147 0.0114 0.0061 
370 0.0124 0.0055 0.0107 0.0140 0.0108 0.0057 
445 0.0116 0.0050 0.0101 0.0133 0.0102 0.0052 
530 0.0105 0.0045 0.0090 0.0120 0.0091 0.0046 
620 0.0075 0.0035 0.0064 0.0085 0.0065 0.0037 
720 0.0065 0.0031 0.0054 0.0073 0.0055 0.0032 
835 0.0063 0.0029 0.0052 0.0070 0.0052 0.0030 
950 0.0054 0.0027 0.0047 0.0065 0.0049 0.0028 
 
                                              
     
It can be clearly seen from the numerical data presented in Tables 3.1-3.4 that the 
magnitudes and phases of the junction’s eigenvalues converge, respectively, to unity and their 
corresponding angles. Moreover, the magnitudes and phases of the degenerate eigenvalues 
converge to similar values. This affirms that the electromagnetic model and associated software 
codes work well. 
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Another test we need to perform is to change the ratio between P and Q so as to verify that 
our method does not suffer from the relative convergence problem. We have thus presented in 
Tables 3.5-3.8 a sample of the test results to demonstrate the convergence of the eigenvalues and 
boundary residuals for eigenmode of order k = 1. 
Table 3.5  Relative convergence of eigenvalues for five-port waveguide step junction with different 
P/Q ratios 
M P=2M , Q=M P=3M , Q=M M P=M , Q=2M P=M , Q=3M 
25 0.8305 48.51 0.8429 47.97 40 0.8494 47.90 0.9342 48.38 
80 0.8629 47.30 0.8659 47.24 140 0.9781 48.44 0.9788 48.49 
170 0.9766 48.23 0.9773 48.22 310 0.9866 48.67 0.9901 48.79 
290 0.9861 48.50 0.9871 48.53 540 0.9909 48.83 0.9926 48.99 
440 0.9889 48.72 0.9899 48.78 840 0.9941 49.00 0.9946 49.06 
625 0.9909 48.81 0.9918 48.85 1200 0.9951 49.09 0.9955 49.14 
 
Table 3.6  Relative convergence of eigenvalues for six-port waveguide step junction with different 
P/Q ratios 
M P=2M , Q=M P=3M , Q=M M P=M , Q=2M P=M , Q=3M 
25 0.8838 68.72 0.8909 68.22 40 0.9573 68.20 0.9580 68.20 
80 0.9660 67.74 0.9677 67.69 140 0.9882 68.15 0.9889 68.15 
170 0.9864 67.90 0.9867 67.90 310 0.9942 68.30 0.9952 68.39 
290 0.9928 68.21 0.9934 68.25 540 0.9960 68.43 0.9963 68.47 
440 0.9942 68.28 0.9946 68.31 840 0.9971 68.48 0.9974 68.53 
625 0.9954 68.33 0.9958 68.35 1200 0.9974 68.53 0.9977 68.58 
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Table 3.7  Relative convergence of boundary residuals for five-port waveguide  
step junction with different P/Q ratios 
M P=2M , Q=M P=3M , Q=M M P=M , Q=2M P=M , Q=3M 
25 0.0993 0.0917 40 0.0877 0.0379 
80 0.0794 0.0776 140 0.0124 0.0120 
170 0.0133 0.0129 310 0.0075 0.0056 
290 0.0079 0.0073 540 0.0051 0.0042 
440 0.0063 0.0057 840 0.0033 0.0030 
625 0.0051 0.0046 1200 0.0028 0.0025 
 
Table 3.8 Relative convergence of boundary residuals for six-port waveguide  
step junction with different P/Q ratios 
M P=2M , Q=M P=3M , Q=M M P=M , Q=2M P=M , Q=3M 
25 0.0837 0.0781 40 0.0302 0.0297 
80 0.0240 0.0227 140 0.0082 0.0078 
170 0.0095 0.0093 310 0.0040 0.0033 
290 0.0050 0.0046 540 0.0028 0.0026 
440 0.0040 0.0037 840 0.0020 0.0018 
625 0.0032 0.0029 1200 0.0018 0.0016 
 
                                              
It can be deduced from Tables 3.5-3.8 that the proposed electromagnetic model is 
convergent even for different P/Q ratios. Tables 3.9 and 3.10 present the convergence test results 
for the N = 5 and N = 6 junctions, respectively, when different weighting coefficients are 
employed. It can be observed that the eigenvalues converge to their previous values (where we 
utilized equal weighting for the different boundary residuals to generate the first row of the 
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tables). Hence, we can conclude that the numerical results generated by our model continue to 
converge even when we employ different weighting coefficients in computing the total boundary 
residual. 
Table 3.9 Convergence of boundary residuals for five-port waveguide  
step junction with different weighting coefficients 
f1 f2 f3          
1.0 1.0 1.0 0.9892 -19.47 0.9921 48.80 0.9939 -128.45 
1.0 0.5 1.0 0.9858 -19.37 0.9912 48.88 0.9944 -128.46 
1.0 0.8 1.0 0.9883 -19.45 0.9919 48.82 0.9941 128.46 
0.5 1.0 0.5 0.9916 -19.52 0.9923 48.78 0.9929  -128.43 
0.8 1.0 0.8 0.9901 -19.49 0.9923 48.79 0.9936 -128.44 
0.5 0.8 1.0 0.9888 -19.49 0.9916 48.69 0.9921 -128.41 
1.0 1.0 0.8 0.9899 -19.46 0.9923 48.83 0.9940  -128.44 
 
Table 3.10 Convergence of boundary residuals for six-port waveguide  
step junction with different weighting coefficients 
f1 f2 f3             
1.0 1.0 1.0 0.9920 -8.70 0.9962 68.38 0.9937 -126.97 0.9911 -94.36 
1.0 0.5 1.0 0.9886 -8.62 0.9956 68.42 0.9943 -127.01 0.9907 -94.43 
1.0 0.8 1.0 0.9910 -8.68 0.9960 68.39 0.9940 -126.98 0.9911 -94.38 
0.5 1.0 0.5 0.9941 -8.73 0.9963 68.37 0.9923 -126.91 0.9905 -94.27 
0.8 1.0 0.8 0.9928 -8.71 0.9963 68.37 0.9933 -126.95 0.9910 -94.33 
0.5 0.8 1.0 0.9921 -8.69 0.9957 68.32 0.9924 -126.90 0.9901 -94.25 
1.0 1.0 0.8 0.9924 -8.70 0.9963 68.39 0.9937 -126.97 0.9912 -94.36 
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After considering all the numerical results compiled during the various convergence tests 
(including variations in the choice of P/Q ratios and weighting coefficients), we conclude that 
our proposed model is convergent and does not suffer from any numerical instabilities. 
3-4 Comparison with HFSS Results 
To verify the accuracy of our method, the results of our method are compared with those of 
another method such as Finite Element Method (FEM). In addition, certain critical values are 
chosen for the structure dimensions so as to check that the method continues to yield accurate 
results under such circumstances. The software we have used for comparison purposes is Ansoft 
High Frequency Structure Simulator (HFSS) that primarily employs the Finite Element Method 
(FEM). The results of our tests have been presented in Tables 3.11-3.16. 
Table 3.11 S-parameters of the five-port Junction for different Rp and Rd 
Dimensions Method S11(dB) S12(dB) S13(dB) 
Rd=5.0 mm 
Rp=1.8 mm 
LSBRM -13.23 -5.22 -7.55 
HFSS -13.00 -5.19 -7.64 
Rd=7.1 mm 
Rp=3.9 mm 
LSBRM -12.76 -4.15 -10.50 
HFSS -12.90 -4.13 -10.60 
Rd=9.2 mm 
Rp=6.0 mm 
LSBRM -6.98 -4.49 -13.57 
HFSS -6.61 -4.58 -13.70 
Rd=11.3 mm 
Rp=8.10 mm 
LSBRM -0.865 -10.87 -20.73 
HFSS -0.576 -12.50 -22.30 
Rd=12.4 mm 
Rp=10.2 mm 
LSBRM -0.672 -11.84 -22.12 
HFSS -0.342 -14.60 -24.60 
Rd=13.2 mm 
Rp=12.9 mm 
LSBRM -0.032 -24.43 -52.39 
HFSS -0.038 -23.60 -49.10 
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Table 3.12 S-parameters of the six-port junction for different Rp and Rd  
Dimensions Method S11(dB) S12(dB) S13(dB) S14(dB) 
Rd=5 mm 
Rp=1.8 mm 
LSBRM -15.62 -5.24 -10.87 -6.76 
HFSS -15.40 -5.24 -10.90 -6.78 
Rd=7.1 mm 
Rp=3.9 mm 
LSBRM -16.94 -4.56 -12.38 -7.84 
HFSS -17.00 -4.58 -12.30 -7.80 
Rd=9.2 mm 
Rp=6 mm 
LSBRM -10.99 -4.94 -11.00 -9.22 
HFSS -10.70 -5.03 -10.90 -9.13 
Rd=11.3 mm 
Rp=8.1 mm 
LSBRM -3.68 -6.76 -12.69 -13.84 
HFSS -3.61 -6.90 -12.50 -13.60 
Rd=12.4 mm 
Rp=10.2 mm 
LSBRM -1.13 -9.93 -19.70 -24.20 
HFSS -1.13 -10.00 -19.10 -23.20 
Rd=13.2 mm 
Rp=12.9 mm 
LSBRM -0.038 -23.60 -50.04 -70.35 
HFSS -0.045 -22.90 -47.80 -66.70 
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Table 3.13 S-parameters of the five-port junction for different εr 
εr Method S11(dB) S12(dB) S13(dB) 
3.0 
LSBRM -13.23 -5.22 -7.55 
HFSS -13.00 -5.19 -7.64 
2.5 
LSBRM -15.35 -5.25 -7.29 
HFSS -15.00 -5.21 -7.38 
2.0 
LSBRM -18.98 -5.34 -6.96 
HFSS -18.40 -5.30 -7.04 
1.5 
LSBRM -28.79 -5.58 -6.52 
HFSS -27.00 -5.52 -6.60 
1.0 
LSBRM -19.24 -6.14 -6.00 
HFSS -20.20 -6.07 -6.06 
 
                                       
 
Table 3.14 S-parameters of the six-port junction for different εr 
εr Method S11(dB) S12(dB) S13(dB) S14(dB) 
3.0 
LSBRM -15.62 -5.24 -10.87 -6.76 
HFSS -15.40 -5.24 -10.90 -6.78 
2.5 
LSBRM -17.46 -5.24 -10.52 -6.85 
HFSS -17.30 -5.23 -10.50 -6.88 
2.0 
LSBRM -18.61 -5.32 -10.09 -6.92 
HFSS -18.70 -5.30 -10.10 -6.95 
1.5 
LSBRM -17.11 -5.54 -9.56 -6.98 
HFSS -17.50 -5.50 -9.59 -7.00 
1.0 
LSBRM -13.00 -6.06 -8.89 -7.08 
HFSS -13.40 -6.00 -8.91 -7.09 
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Table 3.15 S-parameters of the five-port junction for different thickness of dielectric sleeve 
Dielectric 
Thickness (mm) 
Method S11(dB) S12(dB) S13(dB) 
2.00 
LSBRM -19.81 -5.36 -6.90 
HFSS -19.10 -5.32 -6.99 
1.00 
LSBRM -31.51 -5.72 -6.35 
HFSS -31.70 -5.66 -6.42 
0.10 
LSBRM -19.93 -6.10 -6.03 
HFSS -21.00 -6.02 -6.09 
0.05 
LSBRM -19.57 -6.12 -6.02 
HFSS -20.06 -6.04 -6.07 
 
                                     
    
Table 3.16 S-parameters of the six-port junction for different thickness of dielectric sleeve 
Dielectric 
Thickness (mm) 
Method S11(dB) S12(dB) S13(dB) S14(dB) 
2.00 
LSBRM -18.64 -5.30 -10.13 -6.94 
HFSS -18.50 -5.35 -9.96 -6.98 
1.00 
LSBRM -15.91 -5.64 -9.42 -6.99 
HFSS -16.00 -5.64 -9.38 -7.02 
0.10 
LSBRM -13.22 -6.02 -8.93 -7.07 
HFSS -13.60 -5.97 -8.96 -7.09 
0.05 
LSBRM -13.10 -6.04 -8.91 -7.07 
HFSS -13.50 -5.98 -8.93 -7.09 
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In general, we observe from Tables 3.11-3.16 that there is good agreement between the 
results generated by LSBRM and HFSS. Nevertheless, we should also draw attention to the 
possibility of minor differences such as the results spotted in Table 3.11 for the following sets of 
junction dimensions:  
(a)  Rd = 11.3 mm and Rp = 8.1 mm 
(b)  Rd = 12.4 mm and Rp = 10.2 mm. 
For these instances of minor differences, it should be pointed that the commercially available 
HFSS is actually not based on a rigorous modeling technique because the general-purpose FEM 
tool requires a continuous medium to be discretized.  
3-5 Field-Matching Results  
Although the tests which we performed in Sections 3-3 and 3-4 are important, they do not 
provide us with any picture of what the field distributions are like inside the junction. There is, in 
addition, the need for us to check the level of mismatch that remains between the fields in 
regions R and C after the matching effected by the LSBRM procedure. To compute the fields, we 
need to substitute all the mode field coefficients     and    obtained by solving equation (2-15) 
into the following summations for the tangential field components in regions R and C 
respectively. 






           
  
 





   
 
   
           
  
 





   
 
   






          
  
 





   
 
   
           
  
 





   
 
   
  (3-2)  
where    and     are unity vectors (for the expressions of the modal fields in regions R and C 
listed earlier in Chapter 2). The junction dimensions we employed for these tests are: 
                                                        
  =13.4 mm                                        
 
 




Figure 3-1 Magnitudes of tangential electric and magnetic fields distributions across boundary 
surfaces S and S
’
 for symmetrical six-port waveguide junction along   direction (     ) 
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Figure 3-2 Phase of    across boundary surfaces S and S
’
 for symmetrical six-port waveguide 
junction in region R and C along   direction (     ) 
 
Figure 3-3 Phase of    across boundary surfaces S and S
’
 for symmetrical six-port waveguide 
junction in region R and C along   direction (     ) 
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Figure 3-4 Phase of    across boundary surfaces S and S
’
 for symmetrical six-port waveguide 
junction in region R and C along   direction (     ) 
 
Figure 3-5 Phase of    across boundary surfaces S and S
’
 for symmetrical six-port waveguide 
junction in region R and C along   direction (     ) 












































Figure 3-6 Magnitudes of tangential electric and magnetic fields distributions across boundary 
surfaces S and S
’
 for symmetrical five-port waveguide junction along   direction (     ) 
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Figure 3-7 Phase of    across boundary surfaces S and S
’
 for symmetrical five-port waveguide 
junction in region R and C along   direction (     ) 
 
Figure 3-8 Phase of    across boundary surfaces S and S
’
 for symmetrical five-port waveguide 
junction in region R and C along   direction (     ) 
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Figure 3-9 Phase of    across boundary surfaces S and S
’
 for symmetrical five-port waveguide 
junction in region R and C along   direction (     ) 
 
Figure 3-10 Phase of    across boundary surfaces S and S
’
 for symmetrical five-port waveguide 
junction in region R and C along   direction (     ) 








































Figure 3-11 Magnitudes of tangential electric and magnetic fields distributions across boundary 
surfaces S and S
’
 for symmetrical six-port waveguide junction along   direction (   ) 












































Figure 3-12 Magnitudes of tangential electric and magnetic fields distributions in regions R, C and 
inside dielectric sleeve for symmetrical five-port waveguide junction along   direction (  
       ) 
 






















































Figure 3-13 Magnitudes of tangential electric and magnetic fields distributions in regions R, C and 
inside dielectric sleeve for symmetrical six-port waveguide junction along   direction (  
       ) 
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The field distributions presented in the various plots shown from Figure 3-1 to Figure 3-10 
confirm that the matching of the modal fields in regions R and C has been performed effectively 
to satisfy all of the different boundary conditions. At the interface between the two regions, the 
amplitudes of fields are equal to each other and similarly the phases of fields are equal to each 
other. For example, in the first graphs of Figure 3-1 and Figure 3-6 the amplitudes of    and    
become zero when   reaches       ; this confirms that the tangential electric field becomes 
negligible over the metallic wall of the cylindrical cavity.  
To show the effects of different weighting coefficients in the field patterns, we 
systematically vary the weighting coefficients when using LSBRM to plot the electric- and 
magnetic-field components (over the surfaces S and S’) for the five- and six-port symmetrical 
junctions in Figure 3-14 to Figure 3-33 respectively. As can be from the field-plots reproduced in 
these figures, changing the weighting coefficients places different emphasis on which of the 











Figure 3-14 Magnitudes of tangential electric and magnetic fields distributions across boundary 
surfaces S and S
’
 for symmetrical five-port waveguide junction along   direction (     ) for 
                         












































Figure 3-15 Magnitudes of tangential electric and magnetic fields distributions across boundary 
surfaces S and S
’
 for symmetrical six-port waveguide junction along   direction (     ) for 
                         












































Figure 3-16 Magnitudes of tangential electric and magnetic fields distributions across boundary 
surfaces S and S
’
 for symmetrical five-port waveguide junction along   direction (     ) for 
                        












































Figure 3-17 Magnitudes of tangential electric and magnetic fields distributions across boundary 
surfaces S and S
’
 for symmetrical six-port waveguide junction along   direction (     ) for 
                        












































Figure 3-18 Magnitudes of tangential electric and magnetic fields distributions across boundary 
surfaces S and S
’
 for symmetrical five-port waveguide junction along   direction (     ) for 
                         












































Figure 3-19 Magnitudes of tangential electric and magnetic fields distributions across boundary 
surfaces S and S
’
 for symmetrical six-port waveguide junction along   direction (     ) for 
                         












































Figure 3-20 Magnitudes of tangential electric and magnetic fields distributions across boundary 
surfaces S and S
’
 for symmetrical five-port waveguide junction along   direction (     ) for 
                        












































Figure 3-21 Magnitudes of tangential electric and magnetic fields distributions across boundary 
surfaces S and S
’
 for symmetrical six-port waveguide junction along   direction (     ) for 
                        












































Figure 3-22 Magnitudes of tangential electric and magnetic fields distributions across boundary 
surfaces S and S
’
 for symmetrical five-port waveguide junction along   direction (     ) for 
                        












































Figure 3-23 Magnitudes of tangential electric and magnetic fields distributions across boundary 
surfaces S and S
’
 for symmetrical six-port waveguide junction along   direction (     ) for 
                        












































Figure 3-24 Magnitudes of tangential electric and magnetic fields distributions across boundary 
surfaces S and S
’
 for symmetrical five-port waveguide junction along   direction (     ) for 
                           












































Figure 3-25 Magnitudes of tangential electric and magnetic fields distributions across boundary 
surfaces S and S
’
 for symmetrical six-port waveguide junction along   direction (     ) for 
                           












































Figure 3-26 Magnitudes of tangential electric and magnetic fields distributions across boundary 
surfaces S and S
’
 for symmetrical five-port waveguide junction along   direction (     ) for 
                         












































Figure 3-27 Magnitudes of tangential electric and magnetic fields distributions across boundary 
surfaces S and S
’
 for symmetrical six-port waveguide junction along   direction (     ) for 
                         












































Figure 3-28 Magnitudes of tangential electric and magnetic fields distributions across boundary 
surfaces S and S
’
 for symmetrical five-port waveguide junction along   direction (     ) for 
                           












































Figure 3-29 Magnitudes of tangential electric and magnetic fields distributions across boundary 
surfaces S and S
’
 for symmetrical six-port waveguide junction along   direction (     ) for 
                           










































Figure 3-30 Magnitudes of tangential electric and magnetic fields distributions across boundary 
surfaces S and S
’
 for symmetrical five-port waveguide junction along   direction (     ) for 
                         












































Figure 3-31 Magnitudes of tangential electric and magnetic fields distributions across boundary 
surfaces S and S
’
 for symmetrical six-port waveguide junction along   direction (     ) for 
                         












































Figure 3-32 Magnitudes of tangential electric and magnetic fields distributions across boundary 
surfaces S and S
’
 for symmetrical five-port waveguide junction along   direction (     ) for 
                         












































Figure 3-33 Magnitudes of tangential electric and magnetic fields distributions across boundary 
surfaces S and S
’
 for symmetrical six-port waveguide junction along   direction (     ) for 
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3-6  Short-Circuit Results  
It is obvious from physical geometry that the radius of the metallic post      cannot exceed 
the radius of the cylindrical cavity     . If we steadily increase the post radius towards its 
maximum (i.e. rp → r0), we should expect the transmission coefficient between any pair of ports 
to be progressively reduced to zero because the limit rp = r0 corresponds to the metallic post 
acting as a short-circuit termination for region R.  In other words, allowing rp → r0 in our 
computational trials is effectively equivalent to a short-circuit test (with the cavity not containing 
any dielectric sleeve as we have chosen εr = 1 for this validation test). 
Figure 3-34 shows how the scattering coefficients of the symmetrical six-port junction 
vary as we increase the radius of the central cavity      from 3mm to 16.25mm. As expected, the 
reflection-coefficient amplitude tends towards unity and the amplitudes of the other coupling 
coefficients (i.e. transmission coefficients) tend toward zero when the post radius approaches the 
maximum limit imposed by the cavity radius. 
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Figure 3-34 Magnitudes of scattering coefficients of symmetrical six-port waveguide junction while 
changing central post radius (a = 22.9mm, b = 10.2mm, h = 27.5mm, r0 = 16.5mm, εr = 1, f = 10 
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4-1 Outline 
In this chapter, we will use the computer model developed in Chapter 2 to design a 
symmetrical six-port waveguide junction. The design process entails the use of an appropriate 
search algorithm to find the optimized set of junction dimensions in our effort to satisfy the 
design specifications. In the process, we have found it necessary to adopt some modifications of 
the original junction structure in order to improve the operating bandwidth. Finally the selected 
design is fabricated for laboratory tests and the experimental results are then compared with the 
model-predicted data. 
4-2 Preliminary Design 
For our design to be suitable for six-port reflectometer application, we require at least 20 
dB of isolation between any pair of non-adjacent ports (                                
      ) as well as a minimum of 20 dB return loss at any port (i.e.                     
       or           ) for the scattering matrix in (2-5) of the symmetrical six-port waveguide 
junction. 
Of these two scattering coefficients   and  , we have found from the experience gained 
during the preliminary design process that minimizing     is invariably easier to perform. This 
can be readily accomplished by first evaluating the equivalent admittance Yequiv of the composite 
junction and then applying an appropriate one-port matching technique to target for zero 
equivalent susceptance (i.e. Im[Yequiv]    ). Figure 4-1 depicts the predicted and measured 
results for the symmetrical six-port waveguide junction depicted in Figure 2-1 with its 
dimensions listed in Table 4.1. As can be seen from the results presented in Figure 4-1,          
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has been achieved over the entire waveguide bandwidth; however, the isolation between any pair 
of non-adjacent ports (β) does not meet the specified minimum for the junction to be employed 
in a six-port reflectometer set-up. 
Table 4.1 Dimensions and parameters of the preliminary design for the symmetrical waveguide 
junction 
                 
                   
                       
                       
                      
 
 
Figure 4-1 Measured and simulated scattering-coefficient results for prototype junction depicted in 
Figure 2-1 (with structural parameters listed in Table 4.1). 
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After varying the dimensions of the junction and the relative permittivity of the dielectric 
sleeve, we have found that in certain cases it is possible to identify two frequency ranges over 
which the scattering coefficients of the junction satisfy the required specifications. A sample of 
our predicted results is reproduced in Figure 4-2.  
As can be seen from the solid blue plots in Figure 4-2, there are two separate frequency 
ranges (8.5~10 GHz and 11~11.5 GHz) where we are able to achieve            . To 
expedite our search process, we have initially reduced the frequency resolution for our iterative 
simulations. For more detailed examination, we have subsequently to increase the frequency 
resolution and the resultant plots are reproduced in Figure 4-4 (where the predicted results were 
generated by our LSNRM model) and Figure 4-4 (where the predicted results were generated by 
HFSS after our insertion of the inductive diaphragms into the junction). 
 
Figure 4-2 Scattering coefficients of the six-port junction                      
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Figure 4-3 Simulated S-parameters of the symmetrical six-port waveguide junction generated by 
the developed model 
 
Figure 4-4 Simulated S-parameters of the symmetrical six-port waveguide junction with 
diaphragms at the input of each port generated by HFSS 
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After an in-depth examination of the field distributions within the cylindrical cavity, we 
have found that the unwanted appearance of a spurious resonance has caused the usuable 
bandwidth to be split into two (apparently separate) frequency ranges. As shown in Figure 4-4, 
this resonance occurs at 11.06 GHz. The two-dimensional variation of the electric-field 
amplitude at this particular frequency is shown in Figure 4-5. For comparison, we also present in 
Figure 4-6 the two-dimensional variation of the electric-field amplitude at 10 GHz (away from 
the spurious resonance). 
 
Figure 4-5 Two-dimensional variation of electric field amplitude at 11.06 GHz 
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Figure 4-6 Two-dimensional variation of electric field amplitude at 10 GHz 
 
Hence, there is a need for us to introduce some appropriate perturbation into the cylindrical 
cavity so as to suppress the undesirable resonance without unduly affecting the desired response 
of the junction. Another consideration is that the perturbation must not violate the six-fold 
rotational symmetry of the overall junction structure. 
 
4-3 Modified Design 
The modified version of the symmetrical six-port waveguide junction is shown in Figure 
4-7. In addition, we have inserted inductive diaphragms at each port in order to improve the 
junction’s matching. The photographs of the symmetrical six-port waveguide junction we 
fabricated are reproduced in Figure 4-8 to Figure 4-10. 
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Figure 4-8 Photograph of prototype’s exterior (depicted in Figure 4-7) 
 
Figure 4-9 Photograph of prototype’s interior (depicted in Figure 4-7) 
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Figure 4-10 Close-up photograph of dielectric sleeve and metallic post (with six metallic ridges) 
 
For our modified design in Figure 4-7, we have additionally placed six metallic ridges in 
front of each port on the central metallic post. These ridges run from the top plate to the bottom 
plate of the cylindrical cavity. The six-fold rotational symmetry of the overall junction structure 
has not been violated in the process. To account for the complications introduced by these 
additional design features, we have resorted to HFSS to generate the predicted scattering-
parameter results presented in Figure 4-12. Listed in Table 4.2 are the dimensions and 
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Table 4.2 Dimensions and parameters of modified symmetrical waveguide junction 
                       
                 
                     
                     
                       




Figure 4-11 Simulated symmetrical six-port waveguide junction in Ansoft HFSS 
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Figure 4-12 Simulated S-parameters of the modified symmetrical six-port waveguide junction 
 
Figure 4-13 Measured S-parameters of the modified symmetrical six-port waveguide junction 
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After introducing the ridges, we have been able to merge the two frequency ranges which 
had been separated by the spurious resonance. As can be seen from Figure 4-12, we have now 
successfully kept both |γ| and |β| below the 20dB threshold from 9.75 GHz to 11.75 GHz (which 
amounts to 50% of the WR90 bandwidth).  
Mechanical considerations should not be overlooked in our design; for example, the 
dielectric layer is left as a simple cylindrical sleeve in order to avoid any extra machining. The 
junction was fabricated (in-house by departmental machinists) and its scattering coefficients 
were measured by an available vector network analyzer (HP8510C). The measured results 
plotted in Figure 4-13 confirm that our prototype is able to meet the design specifications over 
the bandwidth from 9.75 GHz to 11.75 GHz. 
 
 Chapter 5:   
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5-1 Outline  
In this chapter the calibration process of the six-port reflectometer is described in detail. 
The technique selected by us requires only four calibration standards — a precision matched load 
(with return loss < –35 dB) together with three different offset short-circuit terminations 
                        . We have also found the Nelder-Mead method to be suitable for 
our optimization search process in respect of convergence to the correct answers even when the 
design of the six-port network does not comply with certain stipulated requirements. 
5-2 Four-Standard Calibration 
As described in Chapter 1, the relationship between the DUT’s reflection coefficient and 
the power readings can be summarized in terms of three power ratios: 
  
  
   
       
       
 
 
           (5-1)  
Without loss of generality, these equations can be pared down to the following form:  
  
  
   
       
       
 
 
   
  
  
    
  
  





   
  
  

















    
  
  
    
 
 
              (5-2)  
By simplifying the notation for the system parameters, we then have: 
  
  
     
      
      
 
 
              (5-3)  
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where       and    are scalar variables and          and    are complex variables. Since we 
have a total of eleven scalar unknowns in this system of equations, we will require at least four 
calibration standards                 to be substituted for    in (5-3).   
Somlo [26] has recommended the matched termination as one of the calibration standards 
as it should generally not be too difficult to find a precision matched termination with return loss 
(RL) exceeding 35 dB in any well-equipped microwave laboratory. By adopting such a matched 
termination as one of the standards in the calibration process          , we will then be able to 





   
                  (5-4)  
Hence,       and    can be calculated in a straightforward manner from (5-4). Following the 
practice in [27,28,29], we similarly choose offset short-circuit terminations for the remaining 
three calibration standards           : 
       
                                    (5-5)  
where   is the propagation constant of the transmission line (viz. rectangular waveguide for our 
present project) and  
 
 is the corresponding phase of the nth offset. For convenience,  
 
 is 
usually set to zero which also defines the reference plane for the measurement of all scattering 
coefficients. After substitution of (5-5) into (5-3), we have: 







      
          
                        (5-6)  
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It should be pointed out that (5-6) comprises a total of 12 equations based on the two 
independent indexes k = 0, 1, 2, 3 and n = 2, 3, 4. A careful inspection of (5-6) leads us to infer 
that its left-hand side should be independent of the index k because its right-hand side depends 
only on the index n. Hence, we can introduce an intermediate scalar variable zn (where n = 2, 3, 
4) for use with each sub-set of 4 equations based on the other index k = 0, 1, 2, 3: 
          
                           (5-7)  







   and    is a real positive variable. 
Each of the 12 equations contained in (5-7) can be interpreted geometrically as describing a 
circle. We thus have a total of 12 circles to be viewed geometrically in the following manner: on 
each Argand plane representing the complex variable     (where k = 0, 1, 2, 3), there are 3 
circles associated with the 3 offsets represented by  
 
 (where n = 2, 3, 4) and in the ideal case 
the common intersection of these circles will then yield the unknown value of the system 
parameter     defined in (5-3). In actual practice, measurement uncertainties will cause these 
circles’ (unique) intersection point to become enlarged into a (non-ideal) intersection region 
which then requires us to adopt some form of estimation for the unknown value of the system 
parameter    . Hence, instead of concurrently searching an eight-dimensional space for the real 
and imaginary parts of the four complex variables     (where k = 0, 1, 2, 3) [30,31], we can 
effectively reduce the task to merely searching a three-dimensional space for the three 
intermediate scalar variables zn (where n = 2, 3, 4). 
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5-3 Nelder-Mead Optimization  
The equations listed in either (5-3) or (5-7) for the calibration coefficients or intermediate 
scalar variables, respectively, are non-linear in form and there are no explicit analytic solutions. 
Instead, we can recast our calibration problem as an optimization problem by defining an error 
function based on the original system of equations. Of the many different optimization methods 
that are available at present, we should select one which is both fast (so as to allow for real-time 
operation) and robust (so as to deal with poorly-designed systems). Bearing these considerations 
in mind, we have opted for the Nelder-Mead optimization method [32] to search for the unknown 
system parameters during the calibration process.  
Proposed by Nelder and Mead in 1965, this optimization tool is capable of minimizing an 
objective function in a many-dimensional space. The method uses the concept of a simplex 
which is a special polytope with N+1 vertices in N dimensions; examples of simplices include a 
line segment on a line, a triangle on a plane, a tetrahedron in three-dimensional space and so 
forth. The Nelder–Mead method can be used to generate trial designs which are then tested on a 
large computer model. As each run of the simulation may be costly, it is important to make good 
decisions about where to look. 
The essence of the Nelder-Mead method is that the algorithm generates a new test position 
by extrapolating the behavior of the objective function measured at each test point arranged as a 
simplex. The algorithm then chooses to replace one of these test points with the new test point 
and so the technique progresses. The simplest step is to replace the worst point with a point 
reflected through the centroid of the remaining N points. If this point is better than the best 
current point, we can then try stretching exponentially out along this line. If, on the other hand, 
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this new point is not much better than the previous value, we are in effect stepping across a 
valley and so we shrink the simplex towards a better point. 
5-4 Error Function 
Another important consideration is the definition of the error function. In this study, we 
have examined a number of different error functions. One of the available choices is to define the 
error function as proportional to the area of the triangle whose vertices are the corners of the 
(non-ideal) intersection region. However, this approach will fail under certain circumstances 
because of the presumption that a zero-area result implies that the initial intersection region has 
been reduced to the desired intersection point; for example, when the three corners are nearly 
collinear, the resultant triangle may have a near-zero area even though its perimeter is not close 
to zero.  
Instead, we have found during the course of our investigations that the desired    can be 
achieved if we minimize the difference between the radius of each circle which represents one of 
the offset terminations          and the distance between the radical center and the center of this 
circle on each plane by varying the intermediate variables      . In view of the need to choose a 
positive-definite function, we have defined the following error function for each offset: 
            
               
 





   
        (5-8)  
where         is the radical center of the circles in the    plane. The radical center of the circles 
can be calculated by using (1-13)-(1-19). It should also be pointed out that the radical center of 
the circles         is a function of           ; accordingly,    is dependent on            and 
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not just a function of one      ; i.e.,               . We have additionally observed that there 
is no need to minimize all three              and just minimizing one of them is sufficient; in 
other words, the other two of them do not actually provide any new information. 
5-5 Simulation Results 
Before implementation on an actual six-port reflectometer system, we need to evaluate the 
accuracy and reliability of our calibration procedure. For comparison purposes, we have selected 
three different designs of the six-port reflectometer network (viz. A, B and C with their system 
parameters listed in Table 5.1). The best of these three six-port networks is Design A whereas the 
performance of Design B is expected to be comparatively worse. At the other extreme, Design C 
is the worst and would not have been recommended for six-port reflectometer application. 
Table 5.1 Calibration parameters of three different designs for six-port reflectometer 
Cal.  
Parameter 
Design A Design B Design C 
   0.05 0.0 0.206 -19.7 0.251 -93.1 
   0.464 -65.3 0.516 -135.1 0.392 -97.4 
   0.465 65.4 0.461 120.1 0.772 -164.5 
   0.548 172.8 0.578 -30.4 0.181 -103.2 
 
For our simulations, we have chosen short-circuit terminations with offsets of     
 , 
      
  and      
  based on the recommendation in [11,27] that for higher calibration 
accuracy the centers of the circles on each   -plane ought to have proper angular separation 
(which should ideally be     ). 
Tables 5.2, 5.3 and 5.4 record the simulation results for the calibration of the three selected 
designs. To test the robustness of the calibration tool in the presence of noise, systematic errors 
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have been added to    
  in proportion to the power readings. Serving as a measure of the 
accuracy of the calibration parameters, a residual parameter   is defined in (5-9) based on the 
error function we previously defined. The values obtained for this residual parameter have been 
tabulated in one of the columns in Tables 5.2 to 5.4.  
                        
 




   
 
   
 (5-9)  
In each row of these tables, specified percentages of errors (0, +1 or -1%) have been added 
to    
 . Although this form of discrete error injection allows us to study certain worst-case 
scenarios, the results may not be reflective of the random-error profiles expected during actual 
measurements. Hence, we have additionally performed Monte-Carlo simulations where the 
errors are random variables which follow the normal distribution. As can be seen from the 
simulation results presented in the plots from Figure 5-1 to Figure 5-9, the probability density 
profile for the measurement uncertainties associated with Design A is well-controlled in 
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Table 5.2 Simulation results for the calibration of a well-designed Six-Port reflectometer (Design A) 
Applied Error (%) Residual Intermediate Parameter Calibration Coefficients 
   
     
     
                           
0 0 0 0.0000 0.9500 1.0260 1.0260 0.0500 0.4640 -65.30 0.4650 65.40 0.5480 172.80 
+1 +1 +1 0.0215 0.9471 1.0231 1.0222 0.0496 0.4663 -65.33 0.4658 65.40 0.5502 172.85 
+1 +1 -1 0.0090 0.9373 1.0310 1.0306 0.0613 0.4776 -64.22 0.4780 64.30 0.5196 172.43 
+1 -1 +1 0.0029 0.9541 1.0374 1.0091 0.0486 0.4880 -66.10 0.4335 65.43 0.5614 174.19 
-1 +1 +1 0.0056 0.9565 1.0070 1.0358 0.0461 0.4296 -65.60 0.4868 66.46 0.5670 171.78 
+1 0 0 0.0069 0.9459 1.0335 1.0198 0.0537 0.4818 -65.19 0.4556 64.89 0.5406 173.31 
+1 0 -1 0.0006 0.9410 1.0371 1.0243 0.0594 0.4869 -64.64 0.4621 64.34 0.5254 173.09 
0 -1 -1 0.0147 0.9488 1.0364 1.0237 0.0541 0.4793 -65.16 0.4549 64.89 0.5384 173.26 
-1 +1 -1 0.0059 0.9471 1.0158 1.0423 0.0562 0.4420 -64.51 0.4959 65.39 0.5368 171.47 
 
 
Table 5.3 Simulation results for the calibration of an average-designed Six-Port reflectometer 
(Design B) 
Applied Error (%) Residual Intermediate Parameter Calibration Coefficients 
   
     
     
                         
 0 0 0 0.0000 0.8090 1.1650 1.0560 0.2060 -19.70 0.5160 -135.10 0.4610 120.10 0.5780 -30.40 
+1 +1 +1 0.0193 0.8129 1.1595 1.0461 0.1996 -21.08 0.5262 -136.06 0.4642 121.81 0.5765 -30.92 
+1 +1 -1 0.0112 0.7830 1.1626 1.0825 0.2223 -13.39 0.4868 -131.95 0.4657 113.24 0.5760 -27.68 
+1 -1 +1 0.0176 0.8508 1.1527 1.0234 0.1746 -27.57 0.5772 -141.00 0.4777 129.71 0.5598 -32.97 
-1 +1 +1 0.0063 0.7773 1.1954 1.0710 0.2419 -19.55 0.4832 -127.86 0.4497 113.53 0.6274 -30.71 
+1 0 0 0.0059 0.8285 1.1503 1.0431 0.1858 -21.29 0.5444 -138.80 0.4717 124.40 0.5563 -30.80 
+1 0 -1 0.0058 0.8105 1.1496 1.0641 0.1977 -15.92 0.5183 -136.77 0.4689 119.40 0.5545 -28.69 
0 -1 -1 0.0120 0.8205 1.1559 1.0565 0.1948 -18.87 0.5278 -137.40 0.4663 121.72 0.5590 -29.91 
-1 +1 -1 0.0164 0.7708 1.1891 1.0879 0.2441 -15.71 0.4720 -127.56 0.4588 110.70 0.6092 -28.89 
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Table 5.4 Simulation results for the calibration of a Bad-designed Six-Port reflectometer (Design C) 
Applied Error (%) Residual Intermediate Parameter Calibration Coefficients 
   
     
     
                         
0 0 0 0.0000 1.0440 1.2182 0.7844 0.2511 -93.06 0.3917 -97.35 0.7724 -164.46 0.1816 -103.18 
+1 +1 +1 0.0136 1.0210 1.0704 0.9084 0.0944 -101.59 0.2435 -108.10 0.7288 -173.74 0.0432 -146.10 
+1 +1 -1 0.0155 1.0324 0.8663 1.1247 0.1498 97.43 0.1127 -178.05 0.7510 170.99 0.2160 95.13 
+1 -1 +1 0.0135 1.0158 1.0785 0.9062 0.0996 -97.62 0.2481 -106.03 0.7034 -173.23 0.0426 -135.51 
-1 +1 +1 0.0288 1.0441 1.2054 0.7922 0.2389 -93.98 0.3755 -98.33 0.7802 -165.24 0.1724 -104.84 
+1 0 0 0.0012 1.0184 0.9665 1.0165 0.0337 121.93 0.1473 -128.52 0.7136 178.44 0.0998 105.07 
+1 0 -1 0.0159 1.0298 0.8688 1.1244 0.1480 96.59 0.1099 -177.10 0.7379 171.02 0.2145 94.55 
0 -1 -1 0.0175 1.0219 1.0560 0.9346 0.0717 -103.43 0.2223 -110.02 0.7121 -175.19 0.0314 -178.81 
-1 +1 -1 0.0167 1.0651 1.2866 0.7338 0.3226 -92.23 0.4604 -95.19 0.8257 -161.08 0.2465 -100.63 
 
 
Figure 5-1 Probability distribution of the intermediate parameter    for design A 
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Figure 5-2 Probability distribution of the intermediate parameter    for design B 
 
Figure 5-3 Probability distribution of the intermediate parameter    for design C 
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Figure 5-4 Probability distribution of the intermediate parameter    for design A 
 
Figure 5-5 Probability distribution of the intermediate parameter    for design B 














































Chapter Five: Calibration of the Six-Port Reflectometer 122 
 
 
Figure 5-6 Probability distribution of the intermediate parameter    for design C 
 
Figure 5-7 Probability distribution of the intermediate parameter    for design A 














































Chapter Five: Calibration of the Six-Port Reflectometer 123 
 
 
Figure 5-8 Probability distribution of the intermediate parameter    for design B 
 
 
Figure 5-9 Probability distribution of the intermediate parameter    for design C
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6-1 Outline 
In this chapter, the symmetrical six-port waveguide junction (which we designed in Chapter 4) is 
configured together with power detectors and directional coupler(s) for application as a six-port 
reflectometer (which we calibrated via the four-standard procedure outlined in Chapter 5). As pointed 
out in Section 1-3, there is flexibility in implementing the six-port concept and we shall thus assess the 
performance of such a six-port reflectometer in three different configurations. We have thereafter 
subjected the six-port reflectometer (in all three configurations) to laboratory tests and compared the 
measurement results with those taken by a vector network analyzer (viz. HP8510C). For us to gain more 
systematic insights into the relative performances of the three configurations (even when employing the 
same set of constituent components), we have also found it helpful to supplement the laboratory 
experiments with Monte Carlo simulations. 
6-2 Reflectometer Configurations 
One of the major benefits of using the symmetrical six-port junction as the key component of the 
six-port reflectometer is that it can be used in many different configurations while employing the same 
set of hardware components. It will be shown that the behavior of the reflectometer may be changed by 
simply re-arranging the inter-connections of the constituent components inside the six-port network. 
Figure 6-1 shows the three different configurations we adopted for the six-port reflectometer based on 
the symmetrical six-port waveguide junction as suggested in [32]. Although there are other possible 
configurations for such a six-port reflectometer, the configurations we selected in Figure 6-1 appear to 
be more promising in comparison.  
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The first measure we can possibly adopt to serve as the basis for comparing the relative 
performances of these configurations is their q-point distribution which can be computed from (1-10) 
and (1-11). However, to conform with the notation given in Chapter 5 for the calibration procedure, we 
shall instead calculate    and    from (5-3) in the following manner: 
    
    
         
 
              
  
    
 
    














   
    
   
 
       






















          
 
                 
                
(6-1)  
Similarly, for   we have: 
   
               
 
  
                   
                    (6-2)  
where     
  
  
  for         . In Figure 6-2 to Figure 6-4 the simulation and measurement results for 
the q-points distributions of the proposed configurations are shown. The frequency range of 9.6-12.0 
GHz we selected for these simulation plots is based on the operating bandwidth of the prototype junction 
we designed in Chapter 4. Another assumption we employed during these simulations is that the 









Figure 6-2 Simulation and measurement results for the q-points distribution of the configuration I  




































Figure 6-3 Simulation and measurement results for the q-points distribution of the configuration II  



































Figure 6-4 Simulation and measurement results for the q-points distribution of the configuration III  
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6-3 Monte-Carlo Simulations 
Since it is not practical to expect us to systematically measure a comprehensive range of DUTs 
during laboratory experiments, we have initially resorted to Monte-Carlo simulations to study the 
measurement uncertainties of our six-port reflectometer based on the symmetrical six-port waveguide 
junction and ancillary components when inter-connected in accordance with the three selected 
configurations. The noise profiles we adopted for the various power readings are based on the 
information provided by the manufacturer of the power detectors [33].  
Figure 6-5 shows the flow chart of the Monte-Carlo simulations where    denotes the correct 
reflection coefficient in the absence of noise,    denotes the reflection coefficient we calculated from the 
noise-corrupted power ratios and M denotes the number of iterations. To compare the accuracy of the 
six-port reflectometer in its different configurations, we used the ―standard error of mean‖ which is 
defined in [34] as: 
   
 
      
                                    
 
   
 (6-3)  
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choose Γc for DUT, and 
calculate corresponding qk 
Calculate Pk in the absence of 
noise
Add random noise based on the 
measurement uncertainty to the Pk
Calculate power ratios Pk/P0 from noise 
corrupted Pk
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Since the q-point distribution of any six-port reflectometer may in general be affected by the 
choice of DUT affixed to its measurement port, we may obtain different   for different DUTs. Hence, 
we have decided to repeat the simulation procedure for a comprehensive range of    values at each 
frequency and then employ the maximum   found during the process as the corresponding error for that 
particular frequency     . We have systematically varied the magnitude of    from zero to one (in steps 
of 0.05) as well as its phase from       to    (in steps of     ).  In Figure 6-6, the results of these 
simulations for the three configurations (proposed in Figure 6-1) are shown.  
 
Figure 6-6 Monte-Carlo simulation results for the proposed configurations of six-port reflectometer 
 
It is evident from the simulation plots of Figure 6-6 that the performance of the six-port 
reflectometer may differ for the three configurations even when employing the same set of hardware 
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components. This leads us to consider the possibility of combining all three configurations so as to form 
a super-configuration as depicted in Figure 6-7 which offers us the flexibility of choosing at any 
particular frequency the set of measurement results provided by the best of the three configurations. 
Since it is possible to acquire power detectors with very low return losses, we can effectively consider 
P0, P1, P2, …, P5 to be matched terminations during our Monte Carlo simulations.  
 
Figure 6-7 The proposed super-configuration for six-port reflectometer using symmetrical six-port 
waveguide junction 
6-4 Experimental Results  
In addition to the Monte Carlo simulations reported in Section 6-3, we have conducted laboratory 
experiments to use the six-port reflectometers we constructed for measuring a representative selection of 
DUTs. There are actually three series of laboratory measurements we conducted for comparison 
purposes: 
(a) DUTs were measured by the six-port reflectometer in its three configurations where the core 
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return loss and isolation (  and β) meeting the common 20 dB specification from 9.75 GHz to 
11.75 GHz (i.e. over approximately 50% of the WR90 bandwidth).  
(b) DUTs were measured by the six-port reflectometer in its three configurations where the core 
component is the symmetrical six-port waveguide junction depicted in Figure 4-1 with only its 
return loss ( ) meeting the 20 dB specification from 8.2 GHz to 12.4 GHz (i.e. over the entire 
WR90 bandwidth).  
(c) DUTs were measured by the vector network analyzer (viz. HP8510C).  
 
The reflection coefficients measured during these three series of measurement tests are     of an 
E-plane waveguide T junction,     of an H-plane waveguide T junction,     of a 3dB attenuator whose 
second port is terminated by a short circuit and     of a 350 mil short circuit offset. The DUT 
measurement results are listed in Tables 6.1-6.6. It should also be pointed out that none of the DUTs 
selected for the measurement tests had been used as the standards required during the four-standard 
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Table 6.1 Comparison of the measurement results by the Six-Port Reflectometer and VNA (HP8510C) for 
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Table 6.2 Comparison of the measurement results by the Six-Port Reflectometer and VNA (HP8510C) for 
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Table 6.3 Comparison of the measurement results by the Six-Port Reflectometer and VNA (HP8510C) for 
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Table 6.4 Comparison of the measurement results by the Six-Port Reflectometer and VNA (HP8510C) for 
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Table 6.5 Comparison of the measurement results by the Six-Port Reflectometer and VNA (HP8510C) for 
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Table 6.6 Comparison of the measurement results by the Six-Port Reflectometer and VNA (HP8510C) for 
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7-1 Principal Achievements  
In Chapter 1, we studied the six-port technique precisely and we introduced some 
definitions related to the six-port technique. Then, we described the concept of six-port 
reflectometer. Our goal was to design a symmetrical six-port waveguide junction to use it in the 
six-port network in order to construct a six-port reflectometer. To make our design more suitable 
for the Six-Port reflectometer purpose, we defined our requirements to have 20 dB isolation 
between odd ports (                      ) as well as 20 dB return loss for each port 
(                          ). According to the best of our knowledge, the isolation 
property considered in this study for the symmetrical six-port waveguide junction has not been 
considered in previous studies. As mentioned earlier in chapter 4, these specifications were 
achieved approximately in half of the entire waveguide bandwidth.  
For the symmetrical six-port junction to serve as the core component of the six-port 
reflectometer network, we have found that its residual mismatch at all ports and isolation 
between any pair of non-adjacent ports must meet design targets of 20 dB over the operating 
bandwidth. The need to minimize port mismatch is routinely considered in the design of any 
novel component and we have likewise pursued matching as a matter of course. For the isolation 
specification, however, other researchers have (to the best of our knowledge) not yet addressed 
this additional design task for the symmetrical six-port waveguide junction and the experience 
we gained during the course of this project has shown that reducing its isolation proves to be far 
more difficult than minimizing its residual mismatch. 
Since it is impractical to design the symmetrical six-port waveguide junction via empirical 
trials (in view of the large number of adjustable dimension parameters at our disposal), we have 
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chosen to commence by employing the LSBRM in Chapter 2 to develop an electromagnetic 
model that is capable of predicting the scattering coefficients of this special junction which (to 
the best of our knowledge) is not commercially available. To provide additional design 
flexibility, we have found it necessary to insert a dielectric sleeve concentrically with a metallic 
post into the over-sized cavity.  
For validation purposes, we have systematically subjected our computer model to a 
comprehensive series of rigorous computational tests in Chapter 3. In particular, the convergence 
test results confirm that our computer model is capable of generating numerical results with 
accuracies of ± 0.001 and ± 0.1
o
 for the magnitudes and phases, respectively, of the various 
scattering coefficients. Another observation is that the LSBRM appears to be free from the 
problem of relative convergence that is known to affect other numerical modeling tools (such as 
the modal matching method). The results of the field-matching and residual tests show that the 
mismatch between the modal field representations in regions R and C can be progressively 
reduced as we increased the number of modes for different choices of mode selections and 
weight functions.  
The availability of such an accurate, stable and convergent model has allowed us to 
proceed in Chapter 4 with our design of the symmetrical six-port waveguide junction in a 
systematic manner. In view of the over-sized cavity feature, we have found during our 
preliminary design process that the occurrence of spurious resonance modes may split the usable 
bandwidth into two separate frequency ranges. Fine-tuning measures are thus required and we 
have successfully introduced perturbations to suppress the unwanted resonance while not 
affecting the desired isolation and matching characteristics. The widest operating bandwidth we 
managed to obtain from our modified design in Section 4-2 is from 9.7 GHz to 11.8 GHz (i.e. 
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50% of the WR90 bandwidth) with both the residual mismatch and isolation meeting the design 
targets of 20 dB. 
In Chapter 5, we developed a four-standard procedure for calibrating six-port 
reflectometers. The numerical results we systematically compiled during both Monte Carlo and 
worst-case simulations have confirmed the accuracy and reliability of our procedure which is 
based on the Nelder-Mead optimization method.  
In Chapter 6, we used the symmetrical six-port waveguide junction designed in Chapter 4 
to serve as the core component of a six-port reflectometer. Although other components (such as 
directional couplers and power detectors) are required to complete the six-port circuit, we have 
not separately considered their detailed designs in view of their commercial availability. 
Nevertheless, there is a need to consider the different ways of inter-connecting the symmetrical 
six-port waveguide junction with the directional coupler(s) and power detectors when 
configuring the six-port reflectometer network. We have analyzed three different configurations 
and it transpires that they do not perform in the same manner even though based on the same set 
of hardware components. The numerical results we compiled in Section 6-3 from another 
systematic series of Monte Carlo simulations have provided us with useful insights into the 
choice of configuration for the six-port reflectometer. 
For the laboratory experiments we conducted in Section 6-4 to test the six-port 
reflectometer (based on the waveguide junction designed in Chapter 4, calibration algorithm 
developed in Chapter 5 and network configurations considered in Section 6-3), we have 
confirmed that the measurements taken by our prototype instruments for the complex reflection 
coefficients of different DUTs (such as matched load, 3-dB attenuator, H-plane and E-plane 
Chapter Seven: Conclusions 149 
 
magic tee) are in agreement (+/- 0.02 in magnitude and +/-2 degree in phase) with the results 
obtained by an available vector network analyzer (viz. HP8510C). 
7-2 Suggestions for Future Work 
Based on the findings of our project, we suggest that follow-up investigations ought to be 
performed on the following topics which can be beneficial: 
1. reducing the computational time required to perform the inter-mode coupling 
integrations which form the major portion of the software codes we developed during 
the modeling of our symmetrical six-port waveguide junction 
2. extending the electromagnetic model to consider a multi-layer dielectric sleeve around 
the metallic post in the cylindrical cavity 
3. increasing the frequency range over which the junction and reflectometer meet the 
optimum performance specifications  
4. applying other possible optimization methods and error functions for the calibration of 





In Chapter 2, the expressions for the electric and magnetic fields in region C (cylindrical 
cavity) are given. However, the details of certain parameters to be derived via the boundary 
conditions at the surface of the metallic post        and the interface between the dielectric 
sleeve and the empty part of the cylindrical cavity        have not been provided. The 
complete derivation steps are provided below: 
It can be shown that the tangential electric and magnetic fields are following the below 
relationship (derived from Maxwell’s equations for hybrid modes) in either region C or D 
(dielectric region): 
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Moreover, in dielectric region, we consider x-component of electric field and magnetic 
field as below: 
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(A-6)  
Also, we have the following boundary conditions at the surface of the metallic post        and 
the interface between the dielectric sleeve and the empty part of the cylindrical cavity       : 
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By solving (A-7) to (A-12), using (A-3) to (A-6) and (2-33) to (2-36) in two different cases, 
(   
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   ) and removing intermediate variables     ,     , 
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where      and      are the first and second kinds of the Bessel functions respectively and      
and      are the first and second kinds of the modified Bessel functions respectively. 
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